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7. Introduction. 


IN several previous communications the author (1937) has pointed out that 
in order to determine the size, shape and structure of colloidal particles, it 
is important to make comparative studies of the dispersion of depolarisation 


of the transversely scattered light with the incident light in different states 
of polarisation, namely, unpolarised, vertically polarised and horizontally 
polarised. Measurements of the depolarisation factors p,, p, and p, and 
also the extinction coefficients have been made in a large number of metallic 
sols, such as gold, silver, platinum, copper, selenium and tellurium. In 
all the cases studied a marked dependence of the degree of depolarisation 
on wave-length has been observed. The dispersion of depolarisation is 
found to be closely connected with the absorption curve. In the region 
of the characteristic absofption the depolarisation factors and hence the 
optical anisotropy show an enormous increase. This is connected with 
other well-known phenomena exhibited by colloidal solutions, namely, 
magnetic, electric and flow birefringence and their dispersion with wave- 
length. Inthe present paper the results obtained from a study of the absorp- 
tion and the scattering of light in iodine, stearic acid, graphite, vanadium 
pentoxide, arsenic trisulphide and ferric hydroxide sols are given. 


The state of polarisation of the Tyndall light in sols of arsenic 
trisulphide, vanadium pentoxide and ferric hydroxide was investigated by 
Lange (1928) by means of a spectrophotometer of the Konig-Martin 
type. From a measurement of the depolarisation factor with unpolarised 
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light alone he concluded that the particles in colloidal arsenic trisulphide 
were spherical in shape, whereas in iron oxide and vanadium pentoxide 
sols the particles were non-spherical in shape. He measured also the 
dispersion of the depolarisation factor p, over a wave-length range from 
4500 to 6500 A.U. In ferric hydroxide and vanadium pentoxide sols 
p, was found to increase with diminution in wave-length. In arsenic 
trisulphide the dispersion was in the opposite direction. Very recently 
Mr. Subbaramaiya (1935) has measured the depolarisation factors 
Py, P, and p, for an arsenic trisulphide sol using incident white light. 
His measurements indicate that the particles in arsenic trisulphide 
sol possess a small but definite optical anisotropy. His method of 
preparation of the sol is slightly different from that employed by 
Lange. 


2. Preparation of the Sols. 


Iodine sol.—Since the unprotected hydrosols of iodine were extremely 
unstable, changing almost instantly into a dark precipitate, a stable sol 
was prepared by using gelatine as the protecting agent. To 100 c.c. of a 
0-4 per cent. gelatine solution were added a few drops of iodic acid solution 
followed by the addition of a few drops of hydroiodic acid. A sol was formed 
at once by the interaction of these two acids. 


Stearic acid-—About 2 g. of (Kahlbaum’s) stearic acid were dissolved 
in a few c.c. of ethyl alcohol. The resulting solution was boiled with double- 
distilled water for more than 24 hours so as to remove the alcohol. As the 
water was removed by evaporation fresh water was poured and the boiling 
continued till the last trace of alcohol was removed. The sol which resulted 
was kept in a Jena glass bottle. The sol was diluted to the desired extent 
before it was used for measurements. 


Graphite sol or aquadag.—‘ Aquadag’ is the technical term for the 
colloidal dispersion of graphite in water. The dag portion of the 
name is compounded from the first letters of deflocculated Acheson’s graphite. 
Acheson’s graphite is a synthetic product formed by heating amorphous 
carbon in the electric furnace in the presence of oxides, such as, silica, alumina 
and ferric oxide which are capable of yielding carbides as intermediate pro- 
ducts. To prepare the hydrosol, the disintegrated graphite is treated with 
an aqueous solution of tannin containing 3-6 per cent. of the weight of 
graphite employed. The results are most satisfactory if a pasty mixture 
of graphite, tannin and water is first prepared and masticated, say for a 
month, before dilution with water preferably containing a small amount 
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of ammonia. ‘The sol is quite stable and has an intense black colour. A 
small quantity of the aquadag froma sample sent by E. G. Acheson, Ltd. 
(London), was dissolved in 100 c.c. of double-distilled water and the solution 
was centrifuged in an ultra-centrifuge and the fraction containing the finest 
particles was separated and was used for the present investigation. 


Vanadium pentoxide sol_—Colloidal vanadium pentoxide is one of the 
first sols in which magnetic double refraction and flow birefringence were 
observed. These solutions are therefore of special interest. To prepare 
the sol, about 1-5 g. of ammonium vanadate was triturated with 15 c.c. of 
8 per cent. hydrochloric acid. The vanadium pentoxide obtained was 
washed out with distilled water. When the washing water began to be 
strongly coloured the sedimented oxide was left to stand together with 
about 100 c.c. of water, in which it gradually dissolved. A stable sol was 
obtained. 


Arsenic trisulphide sol—Numerous sulphide hydrosols may be prepared 
by condensation or peptization. In the condensation method we start with 
a suitable dilute solution of the initial material, and treat this with sulphu- 
retted hydrogen or witha dilute solution of an alkaline sulphide ; the electro- 
lytes which may result from the reaction are removed by dialysis. Arsenic 
trisulphide is chosen as a typical sulphide sol, for in this case the experi- 
mental conditions are particularly clean cut, since according to the equation 

As,0O, + 3H.S = As.S,; + 3H,O 

no electrolytes are formed which need be dialysed away. The sol was pre- 
pared as follows. About 0-01 g. of anhydrous arsenious acid was dissolved 
in 100 c.c. of pure double-distilled water and a small stream of hydrogen 
sulphide gas was passed through the solution till the solution was turned 
yellow. Then hydrogen was bubbled through the system till the smell of 
hydrogen sulphide was completely removed. The suspension appeared 
yellow with a greenish tinge in reflected light, whereas it appeared orange 
in transmitted light. 


Ferric hydroxide sol.—In the preparation of the hydrosols of the metallic 
hydroxides condensation methods are most important. A freshly preci- 
pitated hydroxide may be brought into colloidal solution by washing out 
with water or with a solution of a peptizing electrolyte. This method is 
employed here for the preparation of the ferric hydroxide sol. Ferric 
hydroxide was precipiated from a solution of ferric chloride with ammonia 
solution. The washed precipitate was peptized with a dilute ferric chloride 
solution. The sol was reddish brown in colour. 
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3. Absorption and Depolarisation Measurements. 


The methods of measuring the extinction coefficients and the depolari- 
sation factors p,, p, and p, from A 2500 to 7000 A.U. have already been 
described in detail in the earlier parts of this series. The extinction coeffi- 
cients for the six sols are given in Tables I and III. Curves of absorption are 
plotted with extinction coefficient as ordinate and wave-length as abscisse. 
They are reproduced in Figs. 1 and 3. Values of p,, p, and p, after applying 
the necessary corrections for the finite angle of convergence of the incident 
beam, are given in TablesII and IV. The values of p, are also plotted 
against wave-length. The curves are reproduced in Figs. 2 and 4. 


TABLE I. 
Extinction Coefficients. 














| 
berg | Iodine Aquadag Stearic acid 

| | 
2250 | >1:8 0-13 0-6 
2500 | >1-8 0-135 0-53 
2750 | 0-57 0-14 | 0-46 
3000 | 0-23 0-15 | 0-41 
3250 | 0-12 | 0-145 | 0-35 
3500 | 0-09 | 0-135 0-3 
3750 | 0-13 | 0-13 0-25 
1000 | 0-34 | 0-125 | 0-2 
1250 | 0-68 | 0-12 | 0-175 
4500 | 0-97 | 0-12 | 0-155 
5000 | 0-68 | 0-12 | 0-14 
5500 | 0-26 | 0-115 | 0-13 
6000 | 0-16 0-11 | 0-12 
6500 | 6-1 0-105 | 0-11 
7000 | 0-05 O-1 | 0-1 
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TABLE II. 
Dispersion of Depolarisation p,,. 


















































| Todine | Aquadag Stearic Acid 
Wave-length | | ‘ener Dene ‘eenneeS manana 
d | | 
in A.U. | uw | Py Ph r. *y Ps Ps Py ’, 
| 0 0/ | 0/ 0/ »/ 0/ 0/ 0/ 0/ 
0 | ‘0 7Q /a /O0 /O /0 /o /O 
| 
2967 | 34-7 | 4-5117-2/17 | 2-8] 18-9 
3650 4 | 32 4-5 | 18-9|14-8| 2-5] 20-8 
4046 3 fhe .. | 29-5] 4-7] 19-8112-5| 2-2] 21-8 
| | 
4358 1-5 | 27 ‘i 4-7|20-8| 8-8!) 1-7] 22-8 
| } 
4750 7-95 11-6 | 23-8] 26-5] 4-9] 21-7] 8-2! 1-5] 23-5 
5000 6 | 0-5 | 9-5 | 26 | 5-0 | 22-4| 7-5| 1-4] 24 
5500 | 3-3 | 0-45 | 14 24.8 | 5-1 | 24-3! 6-4] 1-3] 26 
6000 2 |0-2 | 10-5] 23-8| 5-3} 27-1] 5-3} 1-2] 29-8 
| 
6500 16 | 23-8 | 5-3|30-7| 4-5] 1-0] 36 
| | 
7000 | 1-2 | 
| | 
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TABLE ITT. 
Extinction Coefficient. 








Vanadium Arsenic 
pentoxide | trisulphide 
>3 >3 
>3 1-8 
3 0-9 
1-50 0-54 
0-78 0-18 
0-34 0-11 
0-10 | 0-08 
0-05 | 0 -06 
0-02 | 0-05 
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TABLE IV. 


Dispersion of Depolarisation. 





Vanadium pentoxide Arsenic trisulphide 


Ferric hydroxide 












































Wave-length 
A p p p | p p p | p | p 
; T y Vv h | h 
monet te te eek te | % 
| | 
3650 17 9-5 | | 
4046 18-8] 1-0] 4-0] 9-5 | 
4358 24-9} 1-3] 4-0] 9-2 
4750 26 9-9| 60 | 33-5| 1-9] 4-6 9-0 
| | 
5000 20 9 70 | 39 2-2} 5-3] 8-6] 2-5] 42 
} | 
5500 18 7-7| 80 | 43-6| 2-9] 6-9] 7-7] 2-0| 57 
| 
6000 8-8} 3-4] 90 | 45-5] 3-1] 8-2 6-5 | 1-:9| 66 
6500 7-7 3 45-51] 3-1] 8-2 6-2 | 1-9 66 
" y 
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4. Discussion of Results. 


A comparative study of the absorption coefficients, the depolarisation 
factors and also their dispersion with wave-length shows that the six sols 
investigated here can be classified under four different groups. The iodine 
sol which possesses a specific absorption at 4500 A.U. belongs to the first 
type. As in the case of gold and silver sols, so also in the case of iodine sol 
the depolarisation values attain their maximum value in the region of specific 
absorption. Stearic acid, vanadium pentoxide and ferric hydroxide sols 
come under the second type. These sols do not possess any region of specific 
absorption in the visible and the near ultra-violet regions of the spectrum. 
The extinction coefficient of these sols increases as one proceeds towards 
the ultra-violet. These sols belong to the same type as the sols of platinum, 
copper, selenium and tellurium. ‘The observed dispersion ot depolarisa- 
tion in these cases is a size effect. The behaviour of graphite sol is slightly 
different from that of the sols of the second type, for in this sol p, and p, 
both diminish with decrease of wave-length. The behaviour of arsenic 
trisulphide is unique because as one proceeds from the red end of the 
spectrum towards the ultra-violet region, the absorption coefficient increases 
continuously, whereas the depolarisation factors including p, decrease 
continuously, 


Iodine sol.—Just as the copper sol (see Part III of this series in these 
Proceedings), iodine sol also gives comparatively small depolarisation. The 
observed depolarisation factor p, shows a maximum at about 4500 A.U. 
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In this region the absorption curve also shows a maximum (see Figs. 1 and 
2 and Tables I and II). ‘The low values of p, and p, indicate that the parti- 
cles are spherical in shape. Although a definite fall in the value of p, from 
its limiting value of 100 per cent. suggests that the size of the particles is 
not small compared with the wave-length of light, the particles are only 
of ultra-microscopic dimensions, as is evidenced from the low value of py,. 
These results are in agreement with the conclusions arrived at by the pre- 
vious investigators from a microscopic examination of the protected iodine 
sol (Weiser, 1933). ‘The microscopic examination shows that the particles 
are almost exclusively minute globules in rapid Brownian movement. The 
largest particles possess a very uniform diameter of approximately 200up. 
The particles are unmistakably spherical in shape. It is also suggested 
that the sol is an emulsion of liquid iodine in a saturated aqueous solution 
of the element. Further information that such is the case is furnished by 
microscopic observation of the sol formation process. 


Graphite sol (aquadag).—As has already been indicated this is the 
only one case where p, increases and p, decreases with wave-length. The 
particles of this sol are fairly anisotropic and ultra-microscopic in size. It 
has been shown from other investigations that the particles are in the 
form of thin plates. ‘This may probably explain the observed anomalous 
variation of p, with wave-length. 


Stearic acid sol.—tIn the case of the stearic acid sol a number of pheno- 
mena are known which point to a non-spherical elongated form for the 
particles. The finite value of p, and p, indicate that the micelle are non- 
spherical in shape. The size of these micelle is of the order of the wave- 
length of light (see Tables I and II and Figs. 1 and 2). 


Vanadium pentoxide sol—The comparatively high values of p,, p, and 
p, obtained with this sol imdicate that the particles are highly anisotropic. 
Owing to the strong absorption in the violet and the ultra-violet regions 
depolarisation factors could not be measured in these regions. The disper- 
sion of depolarisation p, with wave-length is rather considerable. This 
may be due to the fact that the particles are highly anisotropic. The way 
in which p, varies with wave-length would seem to suggest that the particles 
are in the form of rods. In this sol also the size of the particles is not small 
compared with the wave-length of light. 


Arsenic trisulphide sol—From a comparative study of the values of 
P,, P,, and p, for this sol one is led to conclude that the particles are more 
or less spherical.in shape and amicronic in size. The small but definite 
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value of p,, however, indicates that the particles do possess a small aniso- 
tropy. This is because the difference between the refractive index of the 
micelle and the intermicellar liquid in the case of this sol is great and con- 
sequently even a trace of anisotropy will be magnified in the depolarisation 
factors. At present it is difficult to understand why in this case alone the 
depolarisation factors increase part passu with wave-length, whereas the 
absorption is stronger in the ultra-violet region than in the red region. The 
same phenomena has been observed by Lange (1928). X-ray studies of 
this sol, however, suggest that the particles are amorphous. 


Ferric hydroxide sol—As in the case of vanadium pentoxide sol, in this 
case also the depolarisation factors indicate that the sol contains aniso- 
tropic ultramicroscopic particles. 


5. Other Experimental Evidence. 


The double refraction occurring in many sols is closely connected with 
the non-spherical shape of colloidal particles. Rod-shaped double refraction 
is usually positive. Vanadium pentoxide (Diesselhorst and Freundlich, 
1915) and stearic acid sols give positive flow birefringence. According to 
Diesselhorst and Freundlich arsenic trisuiphide does not exhibit any detect- 
able flow birefringence, showing thereby that the particles are of spherical 
shape. The double refraction produced by mechanical flow in iodine and 
graphite sols have not yet been investigated. 


The magnetic double refraction is very pronounced in vanadium pent- 
oxide sol (Bjornstahl, 1924). The effect is very small in the long-wave 
range of the spectrum but increases very quickly when approaching the 
short wave range. The depolarisation factors show a similar dispersion. 
Ferric hydroxide sol also exhibits a very high magnetic double refraction. 


When vanadium pentoxide and stearic acid sols are examined under 
a Cardioid ultra-microscope, pronounced scintillations are observed. This 
is because these sols contain particles which are highly asymmetric in shape 
(7.e., in the form of rods). 


In conclusion the author wishes to record his indebtedness to Prof. 
Sir C. V. Raman, kt., F.R.S., N.L., for his kind interest in the work. 


6. Summary. 


Measurements of the depolarisation factors p,, p, and p, and the extinc- 
tion coefficients of iodine, graphite, stearic acid, vanadium pentoxide, 
arsenic trisulphide and ferric hydroxide sols are made for different wave- 
lengths from 2500 A.U. to 7000 A.U. All these sols except the iodine sol 
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do not possess any region of specific absorption. As in the case of gold and 
silver sols so also in the case of the iodine sol the depolarisation values attain 
their maximum value in the region of the characteristic absorption, 7.e., 
at 4500 A.U. In stearic acid, vanadium pentoxide and ferric hydroxide 
sols the depolarisation factors exhibit normal dispersion. ‘The observed 
dispersion in these cases is a size effect. The behaviour of the graphite sol 
is slightly different from that of the sols mentioned above, for in this case, 
p, and pz, both diminish with decrease of wave-length. Unlike all the other 
sols up till now studied, the depolarisation factors in the arsenic trisulphide 
sol increase part passu with wave-length. The depolarisation measurements 
indicate that the particles in the sols of iodine and arsenic trisulphide are 
spherical in shape, while, those in vanadium pentoxide, stearic acid, ferric 
hydroxide and graphite sols are non-spherical in shape. 
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1. THrorEeM. Let p be a prime. If the numbers t,t + s,1 + 2s, --s, 
r+ (m — 1) s are congruent* (mod p) to the numbers 0, 1, 2, +++, (m — 1) 
(not necessarily in this order|, then if m < p — 1, we must have either 
r=0,s=lorr=m-—tl1s=-—l. 

Remarks. (i) If m =p the numbers r+ts (O< t< m — 1) are 
congruent to the numbers 0, 1, 2, ---,m —1 for any values of ry and s 
provided s is prime to p. 

(ii) If m =p — 1 the theorem is false for we can take any s # + 1 and 
then choose r = s — l. 

Proof. Tf the set 

(1) rr+s, +++, 7+ (m—1)s = 0,1,2,---, (m —1) in some 
order, then by addition from (1), 

sm (m — 1) _ m (m —1) 


owe? 2 ee 
since m < p, this gives 
, s—1)(m—-1 
en : }), 
Again, from (1), 
ms —1 m—1 
= (r+? = F P 
t=0 t=0 


Using (3), this becomes 


m(m — 1)? (s — 1)? _ s (s— 1) m (m — 1)* 


4 2 
ab on — 
+ (st — 1) m (m - = (2m _— 1) — 
or 
= {3 (m — 1) (5 — 1) — 6s (m — 1) +2(5 +1) (2m — 1} <0 
or 
m (m — 1) (s — | ) 
( 2 ( ) {(om + 1) (s + 1)} = 
since m < p — 1 this implies s = + 1. Our result follows immediately. 


2, We have also obtained a “‘ pictorial’’ proof of the abeve theorem, 


by arranging the numbers on the unit circle, the number 7 being represented 
by 6% 7'2, 





* All congruences are to the modulus p. 
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B.° Ret 
6} 1 sin (27x) 
a 5 = _ <— . 
T nu=1 n 


We shall prove the 
THEOREM. If c, = O(n) where d < 4, then 


ce ¢ | © 4G, sin (2n76) 
a ” {n0} = — 2 . 
; = lle 

where G, = 2 cg, ts true for almost all 0. 


d/n 
We follow the method used by Davenport to prove the special cases 
Cy = p(n), A(n), A(n) which are the well-known arithmetical functions 
[Quar. J. of Maths. (Oxford), March 1937]. Our theorem also includes the 
cases C, = no. of divisors of m, etc., discussed by Walfisz and the author 
(Acta Arithmetica, Band I). 
The letter D is used as a reference to Davenport’s paper cited above. 
2. Let ae 
R,(9) = z 5 {n8} + : ean? 
n=1 n 7 nN 
Then (D.) 
NON . , n)? ) 2 Gee 
JR3 (0) d0 = 2 2 om Se (sO Dar? ‘ n2 
3. Weshall show that the expression on the right-hand side above is 
0 when N = co, 
We have the formal identity 


Cm Cy (m, n)S 


Sys 
ns m=1 x=1 mn 


co ft 2 co co 
EGnx =U(s)x EF F 
1 


where f(s) is Riemann’s zeta-function. For comparing coefficients of n-* on 


both sides, we have 


2— FZ h(d) 
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where 


hk, = & tebe 
mn 


=y 
(m, x) 





which is obvious since 


G, = 2 ¢q 
dln 
Putting s = 2 we have the desired result. 


4. It now follows that the double series of Section 2 is equal to the 
double series 


a 

“~ Cm Cy (m, n)* 

= 9 9 
m= n2 


Max (m,2) >N 


ra 2 
_— ( ge Cap Cy (mt, 2) ) 
m>wN mn 


¢ foe) 1 
ai ( : > ae 2 a =) 
m>wn im dim =} (1 ) 


24+ 
mo * € 
m* 


m>wN 


N2¢+e 
=0(%5") 


G, = O (n¢*€) 
it follows that the right-hand side of the second expression in Section 2 is 
O (N2¢- 1+ €) 


I 


since d < %. 


Since 


5. We shall now show that R,(@) ~ 0as N > co for almost all 6. It 
will be sufficent to prove that 


Rm3(0) > 0 as m— co for almost all @, since if m<n < (m+ 1)8 
we have 
| R,,(4) — Rm3(9) | 
t=(m+1)3 s¢+€ 
i o( Z : ) 
t = m3 t 


= O [ml¢-) m2] 


= O (m'¢-1) 
which tends to 0 as m > co since d < }. 


Let E, denote the set of points @ at which 


-! 
log m 


| Rm2(8) | > 
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then 
c (log?m) mi@¢+ «8 
measure Ey, < ¢ (log? —— 


from the result of Section 4. 
Let 
E= lm Zz KE, 
i> CoO mon 
then (D.) 
meastire KF = 0 
since — 66 + 3> | ford < }. 


But any point @ at which R»3(8) does not tend to zero belongs to an 
infinity of the sets E,, and therefore belongs to E. Hence our result that 
R,,(0) > 0 as m—>0co for almost all @. 


6. ‘The second half of the expression for Ry (@) is 
N 

a Gn sin (276) 
n=) % 

A+ : 
since G, = O (n* *) it follows from a well-known theorem of Kolmogoroff 
that the above sum tends to a definite limit as N — oo for almost all @. 
From the result of Section 5 it now follows that the first half of the expres- 
sion for Ry (@) also tends to a definite limit as N— co for almost all @. 


 « _ . ‘ : 
Hence 2 = {nO} = — = 2 — sin (2n7@) is true for almost all 0 if 
1 1 


Cy = O(n?) where? < 3. Our theorem is proved. 


































(1) 


(2) 


gate 


(3) 
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if # is not an integral multiple of 27. 


where G, = 2 cg and d/n means that d is a divisor of n. 


(0.J].M., Oxford, March 1937) we prove. 


THEOREM I. 
all @. 
almost ail @. 


2. We need the following definite integrals (we evaluate them formally 
but it is easy to give rigorous proofs). 


where (rv, s) is the g.c.d. of 7 and s. 


ON SOME INFINITE SERIES INVOLVING 
ARITHMETICAL FUNCTIONS (II). 


By S. CHOWLA. 


(From the Government College, Lahore.) 


Received May 29, 1937. 


— 
= — log (2 sin ; |) 


This leads us to the formal identity 


5. We have 


co OS 
S «cos n8 
—s 


l n 





co 
y 
es 


Cy log (2| sin 176 |) a 
n 


G,, cos (2n7@) 


co 
—2 
1 n 


—_ 


We shall investi- 


dln 


the truth of (2) for irrational values of @. Following Davenport 


If c, = O (nt) where bd < 4, then (2) ts true for almost 
In particular the series on the left-hand side of (2) is convergent for 


From (1) if y and s are positive integers 


1 


/ log (2 | sin rm |) log (2 | sin sx |) d0 





/ ( $ 3S cos 2mrz4 cos 2ns7) 0 
oe — € 
4 lw=1 2=1 mn j 
co co 1 
= +1 Zs 
fs m=l n=l wens 
(mr = ns) 
2 { ~\2 
_ ©. ¥ 9) 
12 vs 


Again, from (1) it is easy to see that 




























Some Infinite Series Involving Arithmetical Functions (11) 


(4) J cos (2nm) log (2 | sin dx |) d0 


a i dln 


=QOifdtn 


3. Consider 


N o (9 : “ 
(5) R,() = F §c, log (2| sin nz |) 4 G, idl (2nnd) 
aie n n J 
From (3) and (4), 
1 9° N N < 2 N 1 9 
P ‘ a > &es(%,s? |, 5 G? 
(6) 4 Rx*(6)d0 = 35 =. * ag :2 2 


In what follows we shall use 
G, =O (n¢*¢) 


foranye > 0. ‘This follows from c, = O(n?) and 2 1 = O(né’. 
- dln 
4, G, = 2 Cd 
t ‘[n 
This gives 
(7) Gf = 2 h(d) 
t dln 
7 where 
(8) hiv) =X cy ¢, 
y mn 
where m, n take all values such that 7 = ¢ 
(m, 1) 


Hence we have 


ac) acd co Cy, C, (m, n)s co G,? 
(9) Fn-yx FF oatalmay _F Se 
1 .m=1 n=1 mn 1 % 
Putting s = 2, 
(10) ™ St F Sm ln (ms, n)? - $ Gr" 
6 1 1 m= n* 1 
5. From (10) the right-hand side of (6) is of the order 
ZS nte-2+e + Zz | Cm| | Cn | (m, m)* 


N+1 m>wN m* n? 
Put » = n'd where d = (m, n) and the second expression is of the order 


= mé-2? 5 dé EF (n'o-2=0( ZF mi-2+e) = O (N%M-140) 


/ 
m>N dlm n’=1 m>wN 


Hence the r.h.s. of (6) is 0 (N?¢-1*¢€). 








- 
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6. Let E,, denote the set of points @ at which 
|Rmt(®)1 > soa Fy 
From the result of the last section, 
measure E,, < c m2¢-1*€) log?(m) < c. m®o-3*4e 
where c denotes an absolute positive constant. Write 
(11) E= lim = Ke 


a——>co m>rn 


Then 
(12) Measure E = O since ¢ < 3. 
Ifm < n < (m + 1), then 
t=(m+1)8 
(13) | R,(8) — Rms(9) | = 0 ( 2 jo-1+6) 
t= m5 


is true for almost all 6 since log | sin m76| = O (log 2) for almost all 6.: 
From (13), for almost all 6, 


(14) | R,(@) — R,,3(0)| + 0asm >co ifm <n < (m + 1). 
Thus, as in Davenport, 
R,(0) +O as n-—>co, 


- 
for almost all @. Since G, = O (n°) it follows from a theorem of Kolmogoroff 
that 


# Gn 
3 
is convergent for almost all@. Hence the first half of the expression (5) for 
Rn (@) tends to a definite limit as N ~ co for almost all @. This proves our 
theorem. 


cos (276) 

















A GENERALIZATION OF THE SIMSON LINE. 
By Fagrr CHAND AULUCK. 


Received May 31, 1937. 
(Communicated by Dr. S. Chowla.) 


THEorEM. [If the feet of the perpendiculars from a point on five lines 
lie on a conic through the point, that point must lie on the Miquel circle of the 
5 lines.» 

Proof. Tet the 5 lines be 

L, = pj —x cosa; —ysina; =0 (1 <7 5) 

The point (%», V9) and the feet of the perpendiculars on the 5 lines lie on 
a conic if (%», Yo) lies on the curve 

L, cos* a, L, cos a, sin a, I, sin? a, cosa, sina, 

= 0 

L, cos® a; L, COS a; Sin a; IL; sin? a; cosa, sina; 
It is easily seen that the coefficients of x, y°, x*y, xy are all zero. Hence 
the curve is a conic. 

Now let (0, 0) be the Miquel point of 4 of the lines (I, Ie, Ig, La). 
Then p; = 1 sec a;, where 2/ is the semi-latus-rectum of the parabola touch- 
ing these 4 lines. Substitution in the above determinant shows that this 


Miquel point [(0, 0)] lies on the above conic. Since the conic passes through 


all the 5 Miquel points it is the Miquel circle of the 5 lines. 


1 The locus of the point also consists of the five lines themselves. This omission was 


pointed out to me by Dr. S, Chowla. 
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ON THE SUFFICIENCY OF THE CONSISTENCY- 
EQUATIONS. 


By B. R. SETH. 
(From the Department of Mathematics, Hindu College, Delhi.) 


Received February 20, 1937. 


WHEN there are no body forces we know that for any stress-system to be 
possible in an isotropic solid body the stress-components must satisfy besides 
the three body-stress equations 


OxX oxy Oxz 


— = : 
ox oy + oz , (iy) 
day , wy , doz 

=—— + =< = 0 .2 
ox oy Oz _ ali 
dxz , dyz , dze 

+. = = 
ox =o ns oz 0, is 
the six consistency-equations given by 
a 29 
(l + 9) V2 xx + er (2. 1) 
ox? 
om ; 
-L 2 yy =='G S. 2 
2 a a + ge (2. 2) 
—~ 2 
(l +) VY? 22 po = 0, (2. 3) 
Oz" 
i 0°60 

-+ 2 yz == Q 2 
Ce ws + = *. (2. 4) 
+) v8a+2e =0 (2, 5) 

oo i. ' 

— 026 — 
. 2 ey + = 2. 6 
(l+7) V7 Y toy 0, (2. 6) 


- . # 0? 


c is - ; , re — er 
where V? = ox? | dae + >z2 71S the Poisson’s ratio, and @= x%% + yy + 2z. 


In many treatises* on Applied Mechanics a mistake has been made in 
obtaining a stress-system from the body-stress equations without reference 
to the consistency-equations. The stress-components thus determined do 
not correspond to any possible displacement in an isotropic body. In view 


* See Love, Mathematical Theory of Elasticity, p.22 (4th Ed.), where references to 
such books by Grashof and others will be found. 
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of this mistake the proving of the sufficiency of the consistency-equations 
whose necessity is well known becomes a matter of some interest. 


We shall shew that, if a stress-system satisfies the nine equations given 
by (1) and (2), the corresponding components of displacement can be 
uniquely determined but for a rigid body displacement which, as we know, 
does not affect the state of strain in the body. 


Differentiating (1. 1) with respect to x, (1. 2) with respect to y, (1. 3) 


with respect to z, and subtracting the last from the sum of the first two 
results, we have 





Oo? xy o2 zz d? xX o? vy 
2 ae SS le tt Oe (3. 1) 
ox oy Oz OX oy? 


If E is the Young’s modulus and p the rigidity, we can re-write (3. 1) as 


p wxdy =i? K 


which, if we notice that 


Lexy 14739 l+y = Yyy  ®o 
ve 1 ax i dy" + D2? (xx vr ») |. 


V's = 9, 


becomes on using sa 4, 2), and (2. 3) 


1 32 xy 1+ fo? Xx O° 2] Boe ¥ 
pb ox dy E [ ove ox? E Lox? 


1 3 O° ee as 
=F aye [10 +? a) | +5 — yy — 9 + xx)] (3. 2) 
Hence, 
k=  - * fF 28 oo 12 [5 - a 
; xy = ib os {|# n (yy 4 oF dx + E ox yy n (22 + #2) | dy 
4 Yily, 2) 4 lz, a) 
oy Fr ox ’ (3. 3) 


where f, and f, are respectively functions of y, z and z, x only. 
Similarly we have 


(=~ &s on ee 1 0 — es ce 
ea “Ris ES — 7» (22 + xx) Jay + E by f[# — (xx +59) dz 


+ ofa’ ( , x) ofs(x, vy) 
m) ¢y 


i~ 22 as oe a 3 aa ee 
a -au fl#-1@ + 9) | de + 5S {[# - 169 +3] ae 


ofs'(x,v) , afr'(y, 2) 
+ ax T dz a (3, 5) 


where f,’, fe’, fg are functions which may be different from /,, fo, fs. 


nN 


+ (3. 4) 


R 
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Substituting the values of xy, yz, zx from (3. 3), (3. 4), (3. 5) in (1) 
and (2. 4), (2. 5), (2. 6), we get 


Mh, Uh og Me Tg Mh, Me Wo 


dy? dz? oat * bet  * dyt T Ogh adi 
VAT VAI Wh +2 Vh=VS Vth +2 Vif =0 

oy oT a a OB aT Oy a a ’ 
(4. 2) 


The equations in (4) are all consistent if f, = f;’, fe =/f2’, fs =/f’s, and all 
the f’s are harmonic. Let us assume that the general value of f’’s is given by 
fy =fr +n 1 =1, 2 3. 
Substituting these values in (4) we see that all the f’’s in (3.3), (3. 4) 
and (3. 5) can be replaced by the corresponding f’s provided we add the term 
A,x + A, and Byy + By 


to the right-hand side of (3. 4) and (3. 5), A’s and B’s being all constants. 
Putting 


1 1 

wh =f + on yz (By — Ay) + Op Bo, 
1 ] 

pb. = fe T on zx (A, — B,) + Dp, 0 
1 


1 
ws = fg + Ou xy (Ay + By) + Qu (Agy + Box), 


we see that xy, yz, zx now take the form 


7 ifs <- od a re ee eo ~ 
- xy “ip fl+ n (Vd +z | dx + Eos fl» n (22 + xx) dy 


op, dye 
I>_1load i ee 10 e xx + yy 
52?" Ba fl» — 9 (22 + x) | +35 [2 — 9 (xx + 9) | dz 
Ope oy 
+e * a (5. 2) 


im ba 05 pies 10 vn wy + zz 


4 bs 5 ad (5. 3) 


where y's are all harmonic and are respectively functions of (y, z), (z, x) 
and (x, y).T 


Ox 


t That harmonic values for b's can be found we can see by operating (5) by V2. The 
resulting equations are merely those given in (2. 4), (2. 5) and (2. 6). 
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Now the strain-components are connected with the stress-components 
by relations of the type 


Se = 3; [9% —1 07 + 2)], op = F (6) 
From (5) and (6) we see that quantities u, v, w, given by 
“= ai - 1 y + 2)] dx +4 (9,2), (7.1) 
= 5 [lo -1@+ @] H+ He», (7.2) 
w= ([2#-1@ +m] e+e») (1. 3) 


can be determined which are connected with the strain-components by the 
well-known formule 
eo aan : oe 
om ox’ oe a” ae 
We shall now shew that, if xX, yz, etc., are all given, the #’s can be 
uniquely determined but for a rigid body displacement. If possible, let 
there be two solutions, one given by #’s and the other by #’’s. From (6) 
and (7) we see that 


ae Wa — Sa!) = 0, 5 (a — te’) = 0, 5 Wa — Hs!) = 0, (8. 1) 
sy (Hs — Ya!) + 52 Whe — Ha) =O, 5 hr — dh) + 5p a — Hs) = 0, 
”) ) 2) ! 9 
we (la We) Wa — th’) =O (8.2) 


If we differentiate the left-hand members of (8) with respect to x, y, z, we 
shall obtain eighteen linear equations connecting the eighteen second differ- 
ential coefficients of (%.-%,’), (Y.-y,’), (g—W,'), from which it follows that 
all these second differential coefficients vanish. Hence we must have 
hy — yy’ = Uy — Wgy + Woz, Yo — Yo’ = Vy — WZ + Wex, 
bs — Ps = Wo — Wer + Wy, (9) 

where %, V9, Wo and w’s are all constants. From (9) we see that #’s and 
%”’s can only differ by a rigid body displacement, and hence, subject to this 
restriction, they can be uniquely determined. 

The consistency-equations in stress-components are, therefore, both 
necessary and sufficient. 








STUDIES IN THE SUBSTITUTED QUATERNARY 
AZONIUM COMPOUNDS. 


Part V. The Molecular State of Phenyldimethylazonium, Phenyl- 
methylethylazonium, Phenyldiethylazonium, Phenylmethylbenzyl- 
azonium, Phenylpropylbenzylazonium I[odides in Dilute Solution. 

By BAWA KARTAR SINGH 
AND 
MELA RAM Sup. 
(From the Chemical Department, Science College, Patna.) 

Received May 17, 1937. 
As the result of their researches on the molecular state of organic ammonium 
salts in solution, Turner and his collaborators! came to the conclusion that 
the degree of association of a salt depends on the following factors :— 

(a) the nature of the base; (b) the character of the acid; (c) tem- 
perature; (d) the concentration of the solution; (e) the nature 
of the solvent. 

In the present communication, we describe the results of molecular 
weight determinations, using the Lumsden-Walker method, of the salts of 
a new class of organic nitrogen bases, namely, the substituted quaternary 
azonium iodides which contain both a quinquevalent and a tervalent 
nitrogen atom. In order to make the results comparable, we have elimi- 
nated, as far as possible, differences arising from factors (b), (c) and (d). We 
have employed five different substituted quaternary azonium iodides and 
two solvents, namely, water and ethyl alcohol. 

It is found that a rise in temperature, in general, brings about a reduc- 
tion in the degree of association of a substance. In choosing water and 
alcohol as solvents* which differ in their boiling points by only 22°, we have 
reduced the difference due to the temperature factor as far as possible 

Continuous reduction of pressure on a gas tends to reduce the molecular 
state to the simplest possible, and in like manner, decrease in concentration 
should bring about a similar state in solution. The effect of concentration, 
therefore, acts in such a way that an increase in its value brings about an 
increase in the degree of association, unless chemical combination occurs 
between solvent and solute, in which case there is decrease in the degree of 
association with increasing concentration. It is with this object that we 
have employed very dilute solutions in these experiments, the concentration 
in most cases ranging from 0-6 to 1-5 per cent. As regards the medium, 


~~ 2 Turner, J.C.S., 1911, 99, 880 ; 1912, 101, 1923; Turner and Pollard, ibid., 1914, 105, 
1751. 
* See page 523. 
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the Nernst-Thomson rule? asserts that dissociation of the solute will be 
allowed or restricted according as the dielectric constant of the solvent is 
high or low, and conversely, association is allowed to the fullest extent by 
a medium of low dielectric constant. ‘This rule was borne out by measure- 
ments on amides and anilides,? though three substances, namely, phenyl- 
urethane, methylacetanilide and ethylacetanilide were found to afford no test of 
the Nernst-Thomson rule. Among other substances, which do not follow the 
rule, benzoic acid may be cited. It is associated in water, but not in ethyl 
alcohol or ether.4 The results obtained with salts of organic ammonium 
bases by Turner and his collaborators (loc. cit.) generally support this rule, 
though exceptions in their case also are not wanting; namely, diethyl 
ammonium chloride, which is distinctly associated in acetonitrile, of high 
dielectric constant, but not in alcohol, of comparatively low dielectric 
constant (Turner and Pollard, loc. cit.). 

The point at which, in the dielectric constant scale, molecular associa- 
tion begins to be apparent cannot well be decided because the molecular 
association depends on the concentration also; but in solutions which are 
not concentrated, association is clearly in evidence for a number of salts, 
such as tetrapropylammonium iodide and quinoline ethoiodide in alcohol, 
and in acetone the indication is still clearer. As the dielectric constant of 
alcohol is 18 at its boiling point, this value is considered as the one below 
which molecular association begins to be evident (Turner and Poilard, 
loc. cit.). This was, therefore, another reason which led us to choose ethyl 
alcohol as one of the solvents, water being chosen on account of its possess- 
ing a very high dielectric constant. It was expected that the substituted 
quaternary azonium iodides would show lower molecular weights in water, 
but that they would give normal molecular weights in ethyl alcohol. This 
expectation is not realised experimentally, as the molecular weights are 
found to be below the normal in ethyl alcohol also. The molecular weights 
of four out of the five substituted quaternary azonium iodides are lower in 
ethyl alcohol than in water; phenyldiethylazonium iodide being the only 
case in which the molecular weight is slightly lower in water than in ethyl 
alcohol. In other words, the degree of association, in these four cases, is 
greater in water, a solvent with high dielectric constant (K499° 66) than in 
ethyl alcohol, which possesses a comparatively low value for the dielectric 





— 


2 J.J. Thomson, Phil. Mag., 1893, (V), 36, 313; Nernst, Zeitsch. physikal. Chem., 1894, 
13, 535. 

3 Meldrum and Turner, J.C.S., 1908, 93, 876; 1910, 97, 1605. 

4 Peddle and Turner, J.C.S., 1911, 99, 685; Beckmann, Zeitsch. physikal. Chem., 1890, 
6, 437. 
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constant (K,,° 18); in the case of phenyldiethvlazonium iodide it is only 
slightly lower in water (0-74) than in ethyl alcohol (0-78). It is thus clear 
that the Nernst-Thomson rule is obeyed only in the case of phenyldiethyl- 
azonitim iodide, but even in this case in no way proportionately to the 
dielectric constants of the two solvents. It is, however, not followed in the 
remaining four cases (see Tables I and II). The conclusion which can be 
drawn from these observations is that the relationship is not so well defined 
as has been supposed hitherto. 
Experimental. 

The following five salts were employed in this investigation :—pheny]- 
dimethylazonium iodide, phenvlmethylethylazonium iodide, phenyldiethyl- 
azonium iodide, phenylmethylbenzylazonium iodide and _ phenylpropyl- 
benzylazonium iodide. They were prepared according to the methods 
already described by one of us.5 In each case the salts were purified by 
five crvstallisations from alcohol and ether. 

The solvents were specially purified as follows :— 

W ater.—Distilled water was redistilled in the presence of potassium 
permanganate and dilute sulphuric acid, the first and last fractions being 
rejected. It was once more distilled before use. 

Ethyl alcohol_—‘‘ Absolute alcohol’’ after being dried over quicklime 
was fractionally distilled, using a long fractionating column, and the frac- 
tion of the correct boiling-point was collected. 

The boiling-point determinations were carried out in the form of 
apparatus as modified by Lumsden-Walker. As, however, the solutions 
employed were very dilute, the rise in the boiling-point of the solvent was 
very small, which necessitated the use of the Beckmann thermometer. The 
inner tube, containing the solution, in the ordinary Lumsden-Walker appa- 
ratus, being too small for the introduction of the Beckmann thermometer, 
a larger tube was prepared from an old piece of another apparatus and was 
recalibrated in the laboratory. The apparatus was tested with several 
substances of known molecular weight, and the following typical values 
obtained with cane sugar are recorded : 


Solvent w v A M,, M, 
Water a rie 0 -2456 9-7 0-04° 341-8 342 
- eer a - 12-9 0-03° 342-7 


> 

The molecular elevations of boiling-points (E,, and E,) used in these 
calculations are 5°-2 and 5°-4 for water and 11°-5 and 15°-6 for ethyl 
alcohol. The results of molecular weight determinations are shown in 
Tables I and II. 





5 Singh, J.C.S., 1913, 103, 604 ; 1914, 105, 1972; 1916, 109, 780; 1920, 117, 1203. 
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The percentage concentration is expressed as the number of grams of 
the solute in 100 c.c. of the solution. The l!ast column in the tables gives 
the percentage degree of association expressed as the ratio of the mean of 
observed molecular weights (M, and M,) to the calculated formula weight 
of the compound. 

The molecular weight determinations were carried out by Mr. Sud in 
1919 at the Government College, Lahore, and submitted as a thesis in partial 
fulfilment of the requirements for the M.Sc. degree of the Punjab University. 

This work will be extended to these and other substituted quaternary 
azonium salts, using higher concentrations and other solvents. 


Summary. 


1. The molecular weights of phenyldimethylazonium, phenvlmethyl- 
ethylazonium, phenylmethylbenzylazonium and phenylpropylbenzylazonium 
iodides are lower in ethyl alcohol than in water; in the case of phenyl- 
diethylazonium iodide this relation is reversed. ‘The degree of association 
is, therefore, lower in ethyl alcohol, a solvent of low dielectric constant, 
than in water, a solvent which has a very high value. It is, therefore, 
clear that the Nernst-Thomson rule is not followed in these four cases. 


2. In aqueous solution, the degree of association of the above-men- 
tioned substituted quaternary azonium iodides decreases with increase in 
formula weight of the base; but this regularity does not appear to hold 
in ethyl alcohol. 

3. The degree of association of the salts decreases with dilution in both 
the solvents. 

4. The molecular weights furnished by the two methods, namely, 
the volume and the weight methods, are nearly identical for very dilute 
solutions. 


THE DISTRIBUTION OF THE MEAN OF FISHER’S 
t?* FOR SAMPLES FROM A NORMAL POPULATION. 


By P. V. KRISHNA IYER, 


Statistician, Imperial Agricultural Research Institute, New Delhi. 


Received April 20, 1937. 
(Communicated by Rao Bahadur B. Viswa Nath, F.1.c.) 


Introduction. 


In 1908, ‘‘ Student ’”’ worked out the distribution of the ratio of the difference 
between the means of a population and a sample to the standard deviation 
of the sample. By using this distribution he developed his Z test which 
is used to see whether two samples belong to the same normal population. 
This test was established on a more rigorous basis by Fisher in 1925. He 
also showed how the general effect of the difference between the means of 
a number of samples can be judged by using the method of the analysis of 
variance. In the case of two samples it has already been shown that z test 
and ¢ test are identical. But the exact relation between these two tests 
when there are more than two samples does not appear to have been studied 
so far. It is the purpose of the author here to establish the exact relation 
between Fisher’s ¢ and z tests, to determine the distribution of the mean 
of Fisher’s @ for samples from a normal population and to suggest some 
improvements in the methods of analysis followed in the case of data involving 
several groups with unequal numbers in the different groups. 


Relation betwecn Fisher's t and z. 


Let the means of p treatments replicated m times be given by :— 
os | . 
The variance due to treatments is equal to: 


* f -_ ne = a +. \al 
P(p —_ 1) i? r= . 2 7” 
a. 2 “—" 7 71 )2 
 p(p — 1) rel ( e s) 
ras 
1 nie? tt, — TP 
ins p* r al 7 2 
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The ratio of the variances due to treatments and residual error is equal to 


1 vs? n(T, — T,)* 2 he; : 
: Dy \tr— “s' (5.2 being the residual variance 





ps -s; rs= 1 2 
roks 
ot i? se 
pa r,s= l 2 s;? 
r= 3 
1 eee l - — ' 
= rs ' 2 a J = ¢?, where /? is the average of all the #’s that 
‘gil r,s=l 


can be formed. 
Distribution of the Mean of a Number of Observed t?’s as based on 
Pooled Variance. 
In the previous section we have seen that £? = s,?/s,2, where s,? and 
s,2 are the variances due to treatments and residual error. Substituting 
i? = e = s,?/s,2 in the distribution of z, we find that the distribution of 
t2 is given by 


my neo 





2 2 Ny + No 
2 nN, n, r 2 oa T (ty =i) dt 
- = . ea where m, and m, are the degrees 
1 2 
oe (n, ® + ny) “1 


of freedom of the variances s,? and s,? respectively. 

It follows from the above expression that the distribution of ¢ is depen- 
dent on the degrees of freedom of the error on which comparisons are made 
and the number of independent ?’s that can be formed. Further, it can 
also be shown that if there are m independent ’s the distribution of the 
average of all these /?’s is given by 














7 5 m+n 
2m n I — iim-) dt 
m Mn mes (A) 
on +7 
rT 5 Lr 9 (mt® + n) 9 


n being the degrees of freedom of the variance on the basis of which compari- 
sions are effected. 

This distribution of the average of a number of independent #’s can 
be established on a more rigorous basis as follows :— 


mt? = t,? + é,? + t,? a sees ra 


— 1 (%1— 91)? mm! , (ez — Ya)? meme’ Sn — Jel Set 
sy? Ny + My’ M, + Ms’ Mm + Mm’ 
1 , , fo ’ m Sq? 

=—3 $s," +- s,"? + sy7 + +++ Sy = ; 
Sy Sy 


t?= s,?/s,?, t.e., the ratio of two variances. 
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It should be noted that s,? is the value of the pooled variance for all the 
samples and ,, ,..,' n,’....are the sizes of the samples. 


Therefore the distribution of the mean of m independent #’s reduces 


to the distribution of the ratio of two variances and is given by the expres- 
sion (A). 


The advantage of the above finding is that if we have M persons collect- 
ing samples from two places the significance between the two places is best 
judged by finding the significance of the average of the /’s for the M persons 


on the basis of the pooled variance. Thus, if the means for the two places 
as observed by M persons are 


%y, dy, By eee 2? 4m, (size of each sample = ,) 


V1» Vo, Vp eae aS YM, ( a sa = No) 


= Ny Ng rs (S, — 9) 
— (n, + 2) M : vd s;? 


+= 


s?, is the pooled variance of different samples for various localities by the 
M persons. The significance of observed value of ¢? can be determined by 
the aid of Snedecor’s ‘ F’ Tables. 


Suggestions for improving the Analysis of Samples of different sizes. 


So far we have dealt with cases where the frequencies in different groups 
or samples are the same. The usual procedure when the sizes of the samples 
are different, is to use an extension of Fisher’s analysis of variance. ‘The 
variance due to treatments is determined by weighting the mean squared 
differences by the respective sizes. 

Variance between groups or treatments is equal to 


7 jm (i — a) + ms (He — 2) + a + np (tp — x) 


where %1, %2, +++ pare the means of the different groups and x is the 
general meal. 


In the above case it will be seen that the ratio of the variances due to 
treatments and residual error does not, as in the case of samples of equal 
sizes, reduce to the average of all the ¢’s that can be formed. ‘The discus- 
sions in the preceding paragraphs suggest that the significance between the 
different groups can be judged better by taking the average of the #’s 
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Summary. 
It has been established that the average of a number of independent 
t?’s calculated on the basis of a common appropriate variance is equal to the 
ratio of two variances. By using this fact the distribution of the average 
of Fisher’s #2 for samples from a normal population has been derived. In 
view of this finding some suggestions have been put forward for determining 


the significance of the difference between the means of samples of different 
sizes. 
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IN connection with the recent developments in the theory of the magnetism 
of free electrons in metals, the experimental study of the magnetic proper- 
ties of binary alloys and amalgams is of considerable interest. Though the 
alloys have been extensively studied, the investigation of the magnetic 
properties of amalgams has not received the same amount of attention. 
Until very recently the papers on the subject were only two, the first by 
Gnesotto and Binghinotto! and the second by Davies and Keeping.? Conse- 
quently the present work on the measurement of magnetic susceptibility of 
copper amalgams, which had not so far been studied, was undertaken. 
During the progress of this work a paper on the magnetic properties of 
amalgams was published by Bates and Tai® who have measured suscepti- 
bilities of several amalgams among which copper amalgam is one. They 
have drawn definite conclusions regarding the properties of the amalgams 
of all the other metals except that of copper. Hence it is considered neces- 
sary to publish this work in which definite data on the magnetic properties 
of copper amalgams have been obtained. 
Preparation of the Amalgam. 

The mercury used.in the preparation of the amalgam was purified by 
the following process. It was passed twice through a column of dilute 
nitric acid in the form of a fine spray, washed and dried. It was next 
distilled in a pyrex apparatus under reduced pressure. The distillate was 
redistilled and the process repeated so that the final product was the result of 
four successive distillations. The amalgam was prepared by electrolysing 
pure copper sulphate solution having pure mercury as cathode. The 
amount of copper dissolved in mercury was found by having, throughout, 
another copper voltameter with a copper cathode in series with the first one 
and finding the increase in weight of the cathode. The amalgam so preparetl 
was washed, dried and stored in a desiccator until it was taken up for 
measurement. 

Method of Measurement. 

The susceptibilities of mercury and the amalgams were measured by 

comparison with that of water which was taken as the standard substance, 
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employing a Curie balance. Correction was applied for the magnetic 
susceptibility of the air displaced by the substance under investigation. 

The susceptibility of one of the amalgams was measured at three 
different field strengths. Since the value for the susceptibility did not vary, 
the material under investigation was taken to be free from ferromagnetic 
impurity. 

Experimental Results. 
: Mass susceptibility | Mass susceptibility 
ae ccm of amalgam x 10°| of amalgam xX 10° 
Pp (Observed) (Calculated) 
| } 
0-00 | —0-170 —0-170 
| 
0-08 | —0-164 —0-170 
0-10 | —0-162 —0-1699 
0-22 | —0-160 —0-1698 
0-30 —0-160 —0-1697 
0-70 —0-158 —0-1694 
1-39 —0-156 —0-1688 
2-00 —0-155 —0-1682 
2-92 —0-154 —0-1674 
- 0-170 
S 
x 
= 
3 
~ - 0-160 7 
3 
= 
-0.450 ; ; 
1 % 3 
Percentage composition of copper 
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The susceptibility of pure mercury was found to be —0-170 x 10-8 
and is much lower than the value —0-19 x 10-6 given in the International 
Critical Tables, but it agrees with the recent value —0-168 x 10-® obtained 
by Bates and Tai? and Vogt.4 In the light of these results it may be 
concluded that the value for the mass susceptibility of mercury accepted 
so far is inaccurate and must be revised. 

The values of the mass susceptibilities of the amalgams obtained in this 
investigation are entered in the second column of the table against the mass 
composition of copper in the amalgam entered in the first column. The 
values which are calculated by the application of the mixture law assuming 
the mass susceptibility of copper to be —0-082 x 10-® are given in the 
third column. It is found that the diamagnetic susceptibility of the amal- 
gam is less than that calculated according to the mixture law. The values 
of the mass susceptibility are plotted against mass composition and the 
resulting curve shows that the values do not obey the linear law. It may 
be concluded from these results that addition of even small quantities of 
copper decreases the diamagnetic susceptibility of mercury considerably. 


Discussion. 


In general the susceptibility of a liquid or solid metal on admixture 
with small quantities of foreign metals, deviates from the value deduced 
according to the mixture law in the direction of greater diamagnetism. It 
has also been found that the electrical conductivity of the metal is at the 
same time brought down by such admixtures. ‘These changes may be 
traced to a common cause, the decrease in the effective number of free elec- 
trons. ‘The case of mercury is exceptional as revealed in the present work 
and those of the other workers. The diamagnetism of the amalgams 
including that of copper is less than the value obtained from the additivity 
relation. Hence on amalgamation the effective number of free electron 
must increase. ‘That such an increase occurs is supported by the fact that 
the electrical conductivity of mercury is increased by the presence of foreign 
metals in it. 
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Introduction. 


In Part II of this series! a phenolic ether—p-cresol-ethylether—has been 
shown to add on to the double bond in a f-aryl-glutaconic acid to produce 
a BB-diaryl-glutaconic acid. Dixit and Gokhale® have recently described 
the formation of a similar ff-diaryl-glutaric acid in the condensation of 
phenol with acetone-dicarboxylic acid. In view of the stability of their 
compound, the structure (III) proposed by the authors seems to be untena- 
ble as such a compound would immediately lose water to form a neutral 
dilactone. Moreover, the condensation of dimethyl-oxalate or dimethyl- 
phthalate with the dimethyl ester of the glutaric acid, described by the 
authors to proceed in the Claisen’s manner in comparison with the Bf- 
dimethyl-glutaric acid,’ is quite unlikely, since the two free phenolic 
hydroxyls in the glutaric ester would first react with the sodium methoxide 
or sodium, thus inhibiting the reaction to proceed in the manner suggested. 
In view of this, it was thought desirable to see whether light could be 
thrown on the real nature of the compound in question by relating it to any 
of the glutaconic acids containing phenol or anisole in the B-position. 

On carrying out the condensation of phenol with acetone-dicarboxylic 
acid under the conditions of Dixit and Gokhale,? a dicarboxylic acid, 
m.p. 235°C. (decomp.), has now been obtained, but this appears to be 
different from the one described by the authors, in that it does not give 
even a trace of the coumarin-4-acetic acid, by the action of sulphuric acid, 
and that it did not produce any anhydride on thermal decomposition as the 
authors claimed to have observed, but lost carbon dioxide instead. On 
trying to synthesise the dicarboxylic acid, m.p. 235°C., from the known 





2 Gogte, Proc. Ind. Acad. Sci., (A), 1935, 1, 185-198. 
2 Dixit and Gokhale, J. Uni. Bombay, 1934, 3, 80-94. 
3 Dieckmann, Ber., 32, 1230 ; Komppa, Avnalen, 368, 126. 
4 Limaye, J, Ind. Chem. Soc., 1927, 4, 159. 
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B-4-hydroxy-phenyl-glutaconic acid,’ by condensing it with phenol (compare 
Part II)! nothing could be obtained, the glutaconic acid itself having been 
decomposed apparently by sulphuric acid. Presuming this instability to be 
due to the presence of a phenolic hydroxyl in the glutaconic acid, it was 
proposed to see whether the dimethoxy derivative, m.p. 158° C., of the acid 
m.p. 235°C. could be related by synthesis from or degradation to the f-4- 
methoxy-phenyl-glutaconic acid (I)* or the B-2-methoxy-phenyl-glutaconic 
acid (II), which was easily synthesised from the known coumarin-4-acetic 
acid’ by hydrolysis and methylation.?. It was observed that the latter (II) 
could not be made to condense with anisole at all, whereas the former (I) 
easily condensed with anisole to produce the dimethoxy acid, m.p. 158° C. 
Out of the two possible structures (IV) and (V) arising out of this synthesis, 
the former is the more probable as the compound lost a molecule of anisole 
by the action of sulphuric acid to give oniy the B-4-methoxy-phenyl-gluta- 
conic acid (I). A compound of the structure (V) under these circumstances 
would have produced a monolactonic acid and the coumarin-4-acetic acid‘ 
in addition. 


OCH, s { CO 
/ H OH 
+ A: OCH3 *~ ff 


HOOC —CH,—C=CH—COOH HOOC—CH,—C=CH—COOH HOOC—CH,—C—CH,—COOH 


(1) (II) (III) 
+ Anisole + Anisole Methylation 


oa, t 

















\ 
* | \ 


So O00. 00 
<y xy Y 


HOOC—CH,—C—CH,—COOH HOOC—CH,—C—CH,—COOH HOOC—C H,—C—CH,—COOH 
(IV) (V) (VI) 





5 Dixit, J. Ind. Chem. Soc., 1931, 8, 787. 


® Limaye and Bhave, J. Ind. Chem. Soc., 1931, 8, 137. 
7 Cf. Part I, Proc. Ind. Acad. Sci., (A), 1934, 1, 48-60. 
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To further confirm the constitution (IV) it was decided to see whether 
the dimethoxy acid, m.p. 158°C. could be decarboxylated to the known 
B8-di-(4-methoxy-phenyl) propane (VII), m.p. 60°-5C.® Dilute acids in 
this respect had no action on the dimethoxy acid, whereas thermal decom- 
position yielded its anhydride, m.p. 105°C. On heating the dimethoxy acid 
with lime, however, a compound melting at 140°C. and differing vastly from 
the expected one, was obtained. Its emperical formula (C,,H,,0O,) showed 
a loss of a molecule of acetic acid in addition to one of carbon dioxide 
during decarboxylation, and it was found identical with the known unsym. 
di-4-methoxyphenyl-ethylene (VIII).° This established conclusively the 
correctness of the structure (IV) for the dimethoxy acid and in consequence 
of the acid, m.p. 235° C. The elimination of acetic acid in the decarboxyl- 
ation of organic acids is remarkable, and this along with other similar cases 
will be described in a separate communication. 

OCH; OCH; OCH; OCH; OCHs OCH; 
SS 86-46 
7 NY, A, \Z WwW wy, 

~~ i ae i. ae 

4 


CH, ~C—Ci, HOOC—CH,—C—CH,—COOH C 
CH, 
(VI) (IV) (VIII) 


The glutaconic acids containing phenetole or o-cresol-methyl and ethyl 
ethers in the B-position have been found to condense similarly with the 
respective phenolic ethers, and the resulting B8-diaryl-glutaric acids have 
been found to yield, when heated with lime, the corresponding aa-diaryl- 
ethylenes, which in the case of phenetole is known.® All these B8-diaryl- 
glutaric acids could be obtained directly by condensing acetone-dicarboxylic 
acid with phenolic ethers in the presence of dilute sulphuric acid. No 
B8-diaryl-glutaric acid could however be obtained from meta-cresol ethers 
by any of these reactions. The extension of this reaction to other phenolic 
ethers is in progress. 

Experimental. 

Condensation of phenol with acetone-dicarboxylic acid: Formation of 
BB-(4 : 4'-dihydroxy-diphenyl)-glutaric acid.—An acetone-dicarboxylic acid 
sulphuric acid mixture prepared as usual from citric acid (50 g.) and conc. 
sulphuric acid (80¢.c.) was cooled in a freezing mixture and powdered ice 


8 Dianin, Br. Chem. Abst., 64, I, 214. 
® Gattermann, Ber., 22, 1132. 
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(20 g.) was cautiously added, not allowing the temperature of the mixture 
to go above 20°C. It was further cooled to a temperature below 0° C. and 
phenol crystals (40 g.) were added in small portions with repeated shaking. 
The reaction mixture was kept at the room temperature for 20 hours and 
then poured on curshed ice (250g.). The precipitate which separated after 
scratching and keeping overnight was filtered, dissolved in sodium carbonate 
solution and acidified—(16g.). This was treated with 100c.c. of boiling 
water and filtered. The insoluble portion—(3-3 g.), crystallised from alco- 
hol in colourless silky needles, m.p. 184° C. (decomp.), and was identified as 
the unsubstituted coumarin-4-acetic acid by its decarboxylation to the 
known 4-methyl-coumarin. (Found: Eq. = 204; C = 64-52 per cent.. 
H= 3-81 per cent.; C,,H,O, requires Eq.= 204; C = 64-7 per cent.; 
H = 3-92 per cent.)* From the aqueous filtrates the glutaric acid sepa- 
rated on cooling and scratching, which was recrystallised from water 
(charcoal) in colourless hexagonal plates, m.p. 285° C. (decomp.), (12 g.). 
(Found: Eq. = 158; C = 64-32 per cent. ; H = 4-95 per cent.; C,,H,,0, 
requires Eq. = 158; C = 64-56 per cent.; H =5-06 per cent.) The 
compound is very soluble in alcohol, acetic acid, and acetone, sparingly so 
in water and ether and insoluble in petrol, benzene and chloroform. It 
gives dark green colouration with ferric chloride and lost carbon dioxide at 
its melting point leaving behind a residue which did not melt but charred 
on further heating. 

The diethyl-ester of the above crystallised from 30 per cent. methyl 
alcohol in colourless flat needles, m.p. 158-159°C. (Found: C = 67-58 per 
cent. ; H = 6-33 per cent. ; C,,H,,0, requires C= 67-74 per cent. ; H= 6-45 
per cent.) The dimethyl-ester crystallised from methyl alcohol in colourless 
plates, m.p. 189°C. (Found: C = 66-02 per cent.; H =5-7 per cent.; 
CigH a0, requires C = 66-28 per cent.; H =5-81 per cent.) BB-(4: 4’- 
diacetoxy-diphenyl)-glutaric anhydride was obtained by refluxing together 
the glutaric acid (5g.), fused sodium acetate (7 g.) and acetic anhydride 
(12 c.c.) for 4 hour. It crystallised from glacial acetic acid in stout colour- 
less needles, m.p. 204-205°C. (Found: C = 65-8 per cent.; H = 4-6 per 
cent. ; C,,;H,,0, requiries C = 65-96 per cent.; H = 4-7 percent.) f’- 
(4 : 4’-diacetoxy-diphenyl)-glutaric acid, obtained by refluxing the above 





* The coumarin-4-acetic acid, m. p. 172°C. (decomp.), prepared according to Limaye’s 
method (J. Ind. Chem. Soc., 1927, 4, 159) when crystallised from alcohol melted at 184° C. 
(decomp.) and was found identical with the above one. 


This thus appears to be the 
most simple method for the preparation of the unsubstituted coumarin-4-acetic acid, 
Limaye’s method being tedious, requires large quantities of ether, and does not give 
concordant yields. 
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anhydride with water, crystallised from water in colourless parallelogramic 
plates, m.p. 188-189° C. (decomp.). (Found : C = 62-8 per cent.; H = 4-91 
per cent. ; Ey. = 197 ; C.;Hg9O, requires C= 63-0 per cent. ; H = 5-00 per 
cent.; Eq.= 200.) Dtethyl-BB-(4 : 4'-diacctoxy-diphenyl)-glutarate, prepared 
from the above diethyl-ester, sodium acetate and acetic anhydride, crystal- 
lised from alcohol in colourless silky needles, m.p. 135°C. (Found : C= 65-58 
per cent. ; H = 6-0 percent. ; C.;H.,O, requires C = 65-8 per cent. ; H= 6-1 
per cent.) 


BB-(4 : 4’-dimethoxy-diphenyl)-glutaric acid—The dihydroxy-diphenyl- 
glutaric acid (5 g.), was methylated by dimethyl-sulphate (25 c.c.) and 
25 per cent. sodium hydroxide solution (80 c¢.c.), on a boiling water-bath. 
The dimethoxy acid coming out as a sticky semi-solid mass on acidification 
was treated with 250 c.c. of boiling water and filtered, when it came out in 
colourless silky needles. When recrystallised from water it melted at 158°C. 
(Found : Eq. = 171-8; C = 66-17 per cent.; H = 5-74 percent. ; CygHoO, 
requires Eq.== 172; C = 66-28 per cent.; H =5-81 percent.) BB-(4: 4’- 
dimethoxy-diphenyl)-glutaric anhydride was obtained by heating the dime- 
thoxy acid at 200°C. for 14 hours till the water evolution stopped. ‘The 
residue was dissolved in boiling benzene, and the undecomposed dimethoxy 
acid which separated on cooling was filtered out. On removing the benzene 
from the filtrate the anhydride remained as an oil which solidified on keep- 
ing overnight in a vacuum desiccator over paraffin. It was washed with 
sodium carbonate and crystallised from methyl alcohol in colourless plates, 
m.p. 104-105°C. (Found: C = 69-78 per cent.; H =5-44 per cent. ; 
Ci9H 1,0, requires C = 69-94 per cent.; H =5-52 percent). The semz- 
anilide was prepared by heating the above anhydride with aniline in 
benzene solution. The product separated on cooling in ice and scratching 
and was crystallised from methyl alcohol in colourless light plates, m.p. 
187°C. (Found: C = 71-38 per cent.; H = 5-82 per cent. ; C,,H,,O,N 
requires C = 71-6 per cent. ; H = 5-96 per cent.) 


Synthesis of the BB-(4 : 4’-dimethoxy-diphenyl)-glutaric acid by the con- 
densation of B-(4-methoxy-phenyl)-glutaconic acid with amisole.—The gluta- 
conic acid (5g.) was dissolved in ice-cold 75 per cent. aqueous sulphuric 
acid (60 c.c.) and anisole (8 c.c.) was added in small portions with repeated 
shaking. The reaction mixture was allowed to remain overnight at the 
room temperature and poured over crushed ice (100 g.) when a precipitate 
separated on scratching and keeping overnight. It was filtered, dissolved 
in sodium carbonate solution, washed with ether, and the dimethoxy acid 
precipitated by acids. On crystallising from boiling water it melted at 
158° C. and was identified by mixed m.p. 
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Degradation of the BB-(4: 4'-dimethoxy-diphenyl)-glutaric acid to the B-(4- 
methoxy-phenyl)-glutaconic acid.—The glutaric acid (10g.) was dissolved in 
80 per cent. sulphuric acid (50 ¢.c.) with slight warming, and the solution 
on keeping for 4 hours was poured in 150 c.c. water, when a product crystal- 
lised out on cooling in ice, scratching and keeping overnight (yield 2-5¢.). 
It was filtered, washed, neutralised by alkali, an excess of barium acetate 
solution added, and the whole boiled, when a heavy precipitate of a barium 
salt separated, from which the glutaconic acid was obtained by acidification. 
It crystalliesd from 50 c.c. of boiling water in colourless needles, m.p. 176° C. 
(decomp.). 

Decarboxylation of the BB-(4: 4'-dimethoxy-diphenyl)-glutaric acid to the 
aa-(4 : 4’-dimethoxy-diphenyl)-ethylene.—The dimethoxy glutaric acid (1 g.) 
was intimately mixed with freshly ignited lime (3 g.) and placed in a hard 
glass test-tube supported horizontally. It was cautiously heated by 
a smoky flame when a red oil collected in the cooler part of the tube. On 
keeping at the room temperature for a few hours, the oil solidified to 
a yellow crystalline mass, which was scraped out, washed with methyl 
alcohol, and crystallised from 50 c.c. of the same solvent in colourless shin- 
ing leaflets, m.p. 140° C. (0-4 g.), and was identified as the diphenyl-ethylene 
by mixed m.p. (Found: C = 79-9 per cent. ; H = 6-6 per cent. ; C,,H,,0. 
requires C = 80 per cent. ; H = 6-67 per cent.) 

Condensation of anisole with acetone-dicarboxylic acid: Formation of the 
BB-(4 : 4'-dimethoxy-diphenyl)-glutaric acid.—An acetone dicarboxylic acid 
sulphuric acid mixture from citric acid (100 g.), sulphuric acid (160 c.c.) was 
diluted in cold by ice (40g.). The whole was cooled to 0° C. and anisole 
(40 c.c.) was gradually added with shaking. On continuing the shaking for 
2 hours, the two layers disappeared, and the reaction mixture on keeping 
at the room temperature for 24 hours was poured over powdered ice (500 g.) , 
when on scratching and keeping overnight, a precipitate separated. It was 
filtered, dissolved in sodium carbonate solution, excess of anisole washed 
out with ether, and represcipitated by acids. The precipitated acids were 
neutralised exactly with alkalis, the solution boiled with animal charcoal, 
filtered, and treated with barium acetate solution in small portions, until 
there was no formation of any precipitate on boiling. The acids precipi- 
tated from these filtrates by mineral acids, were filtered and treated with 
1-5 liters of boiling water and filtered, when the dimethoxy acid crystallised 
out in colourless silky needles, m.p. 158 °C. Vield 18 g. 


B-(4-ethoxy-phenyl)-glutaconic acid, prepared by condensing phenetole 
with acetone-dicarboxylic acid, crystallised from methyi alcohol in colourless 
parallelogramic plates, m.p. 170°C. (decomp.). (Found: Eq. = 125; 
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C = 62-22 per cent.; H =5-5 per cent.; C,3H,,0,; requires Eq. = 125; 
C = 62-4 per cent.; H =5-6 percent.) Hydroxy-anhydride, colourless 
silky needles from benzene, m.p. 178°C. Semizanilide, colourless light 
needles from alcohol, m.p. 180° C. (decomp.). 

BB-(4 : 4’-diethoxy-diphenyl)-glutaric acid, was prepared by condensing the 
above glutaconic acid with phenetole in the usual manner, or by ethylating 
the B-(4: 4’-dihydroxy-diphenyl)-glutaric acid. It crystallised from water 
in colourless parallelogramic plates, m.p. 157-158° C. (Found: Eq. = 186; 
C= 66-1 per cent. ; H= 6-34 per cent ; C,;H.4O, requires Eq. = 186 ; C= 67-4 
per cent.; H = 6-45 percent.) The anhydride prepared by decomposing 
the glutaric acid at 200°C. as usual crystallised from methyl alcohol in 
colourless glistening plates, m.p. 119-120° C. (Found : C == 70-98 per cent. ; 
H = 6-12 percent. ; C,,;H,.O, requires C = 71-18 per cent.; H = 6-21 per 
cent.). The glutaric acid, on decarboxylation with lime yielded the known 
aa-(4 : 4’-diethoxy-diphenyl)-ethylene, which crystallised from methyl alco- 
hol in glistening plates, m.p. 142° C.1° 

Condensation of B-(4-methoxy-3-methyl-phenyl)-glutaconic acid with 
o-cresol-methyl ether: Formation of the BB-(4: 4'-dimethoxy-3 : 3'-dimethyl- 
diphenyl)-glutaric acid.—The glutaconic acid (5g.) was condensed with 
o-cresol-methyl ether (8 c.c.) in the presence of ice-cold 80 per cent. sulphuric 
acid (50c.c.) as usual. The sticky condensation product was dissolved in 
dilute sodium carbonate solution, washed with ether and precipitated by 
acids. The sticky precipitate became granular by refluxing with water, 
filtered, dried, dissolved in benzene and precipitated by petroleum ether. 
The glutaric acid thus separated was finally recrystallised from benzene in 
microscopic colourless flat needles, m.p. 187° C. This glutaric acid gives an 
insoluble barium salt in cold. (Found: Eq. = 188; C = 67-65 per cent. ; 
H = 6-36 per cent. ; C,,H,,O, requires Eq. = 186; C = 67-74 per cent. ; 
H = 6-45 per cent.) The anhydride was prepared by thermal decomposi- 
tion of the above glutaric acid as usual. The sticky mass solidified by 
rubbing with ether and crystallised from alcohol in colourless parallelo- 
gramic plates, m.p. 156°C. (Found: C = 71-07 per cent.; H =6-14 per 
cent. ; C,,H,.O,; requires C = 71-18 per cent.; H = 6-21 per cent.) The 
semianilide prepared from the above anhydride and aniline in benzene solu- 
tion, precipitated by cooling in ice and adding petroleum ether. It was 
filtered, refluxed with 30 per cent. methyl alcohol and crystallised from 
methyl alcohol in colourless parallelogramic plates, m.p. 189°C. (Found : 
C = 72-28 per cent.; H = 6-35 per cent. ; C.,H.»O;N requires C = 72-48 
per cent. ; H = 6-48 per cent.) : 





10 Gattermann, Ber., 22, 1132. 
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The above glutaric acid was degraded to the known §-(4-methoxy- 
3-methyl-phenyl)-glutaconic acid" by the action of 80 per cent. sulphuric 
acid as usual. The glutaconic acid was separated from the unreacted 
glutaric acid by its insolubility in benzene. It was crystallised from 5 pet 
cent. acetic acid, m.p. 173° C. (decomp.). The glutaric acid was decarboxyl- 
ated by heating with lime as usual to the aa-(4: 4’-dimethoxy-3 : 3’-dime- 
thy!-diphenyl)-ethylene, which crystallised from methyl alcohol in colour- 
less light glistening plates, m.p. 106°C. (Found: C = 80-36 per cent. ; 
H =7-32 per cent. ; CygH0, requires C = 80-6 per cent.; H =7-46 per 
cent.) The glutaric acid could also be synthesised by condensing the 
acetonedicarboxylic acid sulphuric mixture from citric acid (25 g.), sulphuric 
acid (40 c.c.)—diluted with addition of ice (10g.), with o-cresol-methyl 
ether (10 c.c.) in the usual manner. Vield 8 g. 

B-(4-ethoxy-3-methyl-phenyl)-glutaconic acid crystallised from 40 per cent. 
methyl alcohol in yellowish microscopic needles, m.p. 174° C. (decomp.). The 
hydroxy-anhydride crystallised from benzene in colourless plates, m.p. 188° C. 
The semianilide crystallised from alcohol in colourless silky needles, m.p. 
173°C. 

BB-(4 : 4'-diethoxy-3 : 3'-dimethyl-diphenyl)-glutaric acid was prepared 
by condensing the above glutaconic acid with o0-cresol-ethylether in the 
usual manner. ‘The sticky product was refluxed with water and crystallised 
from alcohol in colourless parallelogramic plates, m.p. 204°C. (decomp.). The 
glutaric acid gives insoluble barium salt. (Found: Eq.= 203; C = 68-89 
per cent. ; H = 6-92 per cent. ; Cy,H,,0, requires Eq. =200 ; C =69 per cent. ; 
H =7 per cent.) The anhydride prepared by thermal decomposition 
at 210--220° C. crystallised from methyl alcohol in colourless glistening light 
plates, m.p. 104-105° C. The semianilide prepared from the above anhy- 
dride and aniline in benzene solution was digested with 20 per cent. methyl 
alcohol, and crystallised from 75 per cent. methyl alcohol in colourless 
rectangular plates, m.p. 155-156° C. 

The glutaric acid was decarboxylated by heating with lime as usual 
to the aa-(4: 4’-diethoxy-3 : 3’-dimethyl-diphenyl)-ethylene, which crystal- 
lised from methyl alcohol in light flat needles, m.p. 95-96°C. (Found: 
C = 80-83 per cent. ; H = 8-0 per cent. ; CopH,,O, requires C = 81-08 per 
cent.; H =8-1 per cent.) The glutaric acid could also be prepared by 
condensing o-cresol-ethylether directly with acetone-dicarboxylic acid 
sulphuric acid mixture diluted with ice as usual. 

The author wishes to express his thanks to Dr. P. C. Guha, p.sc., for 
the encouragement given and the facilities provided while carrying on the 
present investigation. 





12 Dixit, J. Ind. Chem. Soc., 1931, 8, 787. 
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THE condensation of arylamines with open-chain f-ketonic esters has been 
the subject of an extensive study by various investigators. The reaction 
is an exceedingly complex one, but the following six types of compounds 
have been definitely isolated according to the experimental conditions. 
Thus ethyl acetoacetate and a primary arylamine give ethyl f-arylamino- 
crotonate (I), acetoacetarylamide (II), B-arylamino-crotonoarylamide (III), 
Sym-diarylurea (IV), substituted 2-hydroxy-lepidine (V), and substituted 
4-hydroxy-quinaldine (VI). 


CH,—C=CH—CO;Et CH,;—CO—CH,—CO—NHR NHR—CO—NHR 
NHR 
(1) (II) (IV) 
CH,;—C=CH—CO—NHR 
C—CH; C—OH 


os P'el Yee A\/Neu 


Ve= vee 


(Vv) (VI) 





On the other hand, the work on the condensation of these amines with 
cyclic B-ketonic esters is very meagre. Dieckmann?* has studied the action 
of aniline on 4-methylcyclopentanone-2-carboxylate, obtaining 1-anilino- 
A 1: 2-4-methyleyclopentene-2-carboxyanilide (VII) which was cyclised to 
4’-methylcyclopenteno-(1’ : 2’: 4: 3)-carbostyril (VIII). Blount, Perkin 
and Plant? succeeded in condensing cyclopentanone-2-carboxylate with 
aniline with the formation of l-anilino-A 1 : 2-cyclopentene-2-carboxylate 
(IX) and cyclopentanone-2-carboxyanilide (X) which were easily cyclised 
to 4-keto-1 : 4 dihydro-cyclopenteno-(1’ : 2’ : 2: 3)-quinoline (XI) and cyclo- 
penteno-(1’ : 2’: 4: 3)-carbostyril or 2-keto-1:2 dihydro-cyclopenteno- 
(1’ : 2’: 4: 3)-quinoline (XII) respectively. 
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NH CHe 
~ co C-NH: CGH 
H.C C—NH—C,Hy, Hee 65 
| HeCh C-CO2 Et, 
H.C —CO—NH—CgH; 
CH (IX) 
(VII) 
CH CHg. 
(VIII) 
CH, 
H.c/ ‘co NH _ 
H.C CH—CO—NH—C,H; CHo co 
(X) 
CHa 
co CH, CHa 
(XI) 
H2C CH2 


(XII) 

K6tz and Merkel obtained 1-anilino-A 1: 2-5-methyl-cyclohexene-2- 
carboxyanilide (XIII) from aniline and 5-methylcyclohexanone-2-carboxy- 
late, while Sen and Basu® have studied the condensation of cyclohexanone- 
2-carboxylate with various aromatic amines isolating l-anilino- A 1 : 2-cyclo- 
hexene-2-carboxylate (XIV) and  cyclohexanone-2-carboxyanilide (XV), 
and Sym-diarylureas (IV). They also succeeded in cyclising (XIV) and 
(XV) into their respective tetra-hydro-acridones (XVI) and tetra-hydro- 
phenanthridones (XVII). 











CH: : CH, 
ss: Stan H,C _— 
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CH, H, 
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There being a considerable lacuna in the work on the condensation of 
aromatic amines with cyclopentanone-2-carboxylate, we studied the action 
of aniline, p-toluidine, 1: 3: 4-xylidine, a-naphthylamine, B-naphthylamine, 
p-chloraniline, p-bromaniline, and o-anisidine on this ester by: heating at 
170-180° for a period varying from two to five minutes using equimolecular 
quantities. The first three amines gave a mixture, separable into products 
of type (X) and (VII) while others gave compounds exclusively of the type 
(VII). The arylamides of type (X) were smoothly cyclised into the 
carbostyril derivatives of type (XII) by concentrated sulphuric acid, while 
contrary to the observation of Dieckmann (loc. cit), the compounds of the 
type (VII) could not be cyclised. 

4-Methylcyclopentanone-2-carboxylate was condensed with aniline, 
p-toluidine, 1 : 3 : 4-xylidine, p-chloraniline, and p-bromaniline under identical 
conditions. Aniline and p-toluidine gave compounds of type (X) but 
although pure, crystalline products could not be isolated, the crude products 
were smoothly converted into carbostyril derivatives. 1:3: 4-xylidine 
gave a separable mixture of products of types (X and VII) while #-chlor- 
aniline and p-bromaniline gave products of type (VII) only. 

The 1:3: 4-xylidides (XVIII) obtained from the two esters may cyclise 
giving either, 6: 7-dimethyl- (IXX) or 5: 6-dimethyl-derivative (XX) of 
carbostyril, but as the possibility for the former is much greater, we have 
assumed that they are 6: 7-dimethyl-derivatives (IXX),. 

When the reaction was carried out at the boiling point of the mixture, 
only Sym-diarylureas could be isolated ina pure condition, showing that 
compounds of types (VII) and (X) underwent decomposition to Sym-diaryl- 
ureas. We are busy studying the action of arylamines on these as well as 
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other cyclic B-ketonic esters to standardise conditions for the individual 
isolation of compounds of type (VII, IX and X) in each reaction. 


Experimental. 





Cyclopentanone-2-carboxyanilide (type X).—A mixture of cyclopentanone- 
2-carboxylate (1-5g.) and aniline (1-5 g.) was heated at 155-160° in an oil- 
bath for five minutes. The solid that separated out after 24 hours was 
collected, washed with petrol (b.p. 60--80°) and crystallised from alcohol, 
when colourless needles, m.p. 105-106°, were obtained. Its alcoholic solu- 
tion gave a dark green colour with ferric chloride. On heating it with con- 
centrated sulphuric acid on a water-bath for 15-20 minutes, and pouring 
the cooled mixture into water, a solid was formed which crystallised from 
dilute acetic acid in colourless plates, m.p. 256°. This was, therefore, cyclo- 
penteno-(l’ : 2’: 4: 3)-carbosiyril (XII) [cf. Blount, Perkin and Plant (loc. 
cit.)}. 

Cyclopentanone-2-carboxy-p-toluidide (type X).—A mixture of the ester 
(2.5 g.) and p-toluidine (1-7 g.) was heated in an oil-bath at 180° for two 
minutes. The solid (m.p. 105-110°) which separted on rubbing the cold 
mixture with petrol (b.p. 60-80°), was separated, washed, and treated with 
cold alcohol, which dissolved only a part of the solid. On concentration, 
the alcoholic solution gave colourless needles, m.p. 130°. Its alcoholic solu- 
tion gave violet colour with ferric chloride. (Found: C, 72-0;H, 7:3; 
C,3H,,0,N requires C, 71-9; H, 6-9 per cent.) 

1-p-T olylamino- A 1 : 2-cyclopentene-2-carboxy-p-toluidide (type VII).— 
The residue insoluble in cold alcohol dissolved on warming, and crystallised 
on cooling in colourless needles, m.p. 143°. Its alcoholic solution did not 
give any colour with ferric chloride. (Found: C, 78-9; H, 7-5; C.95H.,0 N. 
requires C, 78-4; H, 7-2 per cent.) Its solution in concentrated sulphuric 
acid did not cyclise on warming. 

6-Methyl-2-keto-1 : 2-dihydro-cyclopenteno-(1' :2’:4 :3)-quinoline (type 
XII).—The solution of cyclopentanone-2-carboxy-p-toluidide (0-5 g.) in con- 
centrated sulphuric acid (10 c.c.) was heated on a water-bath for 15 minutes. 
The solid which was obtained on pouring the cooled mixture into water 
was collected, washed and crystallised from alcohol when colourless needles, 
m.p. 295°, were obtained. (Found: C, 78-3; H, 6-8; C,,;H,,ON requires 
C, 78-4; H, 6-5 per cent.) 


Cyclopentanone-2-carboxy-(1:3:4)-xylidide—A mixture of the ester 
(2 g.) and 1:3: 4-xylidine (1.6 g.) is heated in an oil-bath at 180-185° for 
three minutes. The solid that separated out by rubbing the cooled mixture 
with petrol (b.p. 60-80°) was filtered off, and washed with the same solvent. 




















Heterocyclic Compounds—ILI 547 


The residue (m.p. 110-150°) was treated with cold alcohol, and on concen- 
tration, a solid was obtained. ‘This crystallised from petrol in needles or 
from dilute alcohol in plates, m.p. 107-108°. Its alcoholic solution gave 
a dark-green colour with ferric chloride. (Found: C, 72-4; H, 7-3; 
C,4H,,0O,.N requires C, 72-7; H, 7-4 per cent.) 


1-Xylidino-(1:3:4)-A 1: 2-cyclopentene-2-carboxy-(1: 3: 4)-xylidide.—The 
residue insoluble in alcohol dissolved on warming, and crystallised from the 
same solvent on cooling in colourless needles, m.p. 184°. Its alcoholic solu- 
tion did not give any colouration with ferric chloride, nor did it undergo cycli- 
sation on heating with concentrated sulphuric acid. (Found: C, 78.9 ; 
H, 8-0; C,.H,,ON, requires C, 79-0; H, 7-8 per cent.) 


6 : 7-Dimethyl-2-keto-1 : 2-dihydro-cyclopenteno-(1’ : 2’ : 4 : 3)-quinoline.— 
The solution of cyclopentanone-2-carboxy-(1: 3: 4)-xylidide (0-5 g.) in 
concentrated sulphuric acid (10 c.c.) was heated in a boiling water-bath for 
15 minutes. The flocculent precipitate obtained by pouring into a large 
volume of water, was filtered, washed and crystallised from methyl alcohol, 
when colourless needles, m.p. 280°, were obtained. (Found : C, 78-6; H, 7-0; 
C,,H,,ON requires C, 78-9; H, 7-0 per cent.) 


1-p-Chloranilino- A 1 : 2-cyclopentene-2-carboxy-p-chloranilide.—The mix- 
ture of the ester (2-5 g.) and p-chloranilide (2 -2 g.) was heated in an oil-bath 
at 180-185° for three minutes. After treating the cooled mass with petrol, 
the residue was crystallised from warm alcohol, when colourless needles, 
m.p. 173-174°, were obtained. Its alcoholic solution did not give any colour 
with ferric chloride, and the substance could not be cyclised by the usual 
method. (Found: Cl, 20-3; C,,H,,N,OCI, requires Cl, 20-5 per cent.) 


1-p-Bromanilino- A 1 : 2-cyclopentene-2-carboxy-p-bromanilide.—This was 
similarly prepared from the ester (2 g.) and p-bromaniline (1-8 g.) and crystal- 
lised from dilute, warm alcohol in colourless needles, m.p. 179°. It resembled 
the chloro-analogue in its chemical properties. (Found: Br, 36-4; 
CigH,,ON.Br. requires Br, 36-7 per cent.) 

l-o-Anisidino- A 1 : 2-cyclopentene-2-carboxy-o-anisidide.—A mixture of o- 
anisidine (2 g.) and the ester (2 g.) was heated for 5 minutes at 150°. After 
washing the solid with petrol, the residue crycstallised from warm, dilute 
alcohol in colourless plates m.p. 130-131°. Its alcoholic solution gave no 
colour with ferric chloride, and no cylisation was possible by warming it 
with concentrated sulphuric acid. (Found: C, 70-8; H, 6-4; C.9H,.O,N, 
requires C, 71-9; H, 6-5 per cent.) 

1-a-Naphthylamino- A 1: 2-cyclopentene-2-carboxy-a-naphthalide.—-The mix- 
ture of a naphthylamine (1-5 g.) and the ester (1.5 g.) was heated in 
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an oil-bath at 100-105° for three hours. The solid left after triturating with 
petrol, crystallised from warm, dilute alcohol in colourless needles, m.p. 164°. 
It gave negative reaction with ferric chloride and concentrated sulphuric 
acid. (Found: C, 82-2; H, 6-0; C.,H..ON, requires C, 82-5; H, 5-8 
per cent.) 

1-B-Naphthylamino- A 1 : 2-cyclopentene-2-carboxy-B-naphthalide.—The 
mixture of the ester (2 g.) and B-naphthylamine (1-8 g.) was heated for three 
minutes at 180-185° and the cooled mixture was washed with ether. The 
residue crystallised from warm alcohol in colourless needles, m.p. 184° ; and 
resembled the a-isomer in chemical properties. (Found: C, 82-5; H, 5-8. 
C,,H.,ON, requires C, 82-5; H, 5-8 per cent.) 


Condensation of 4-Methylcyclopentanone-2-carboxylate with Arylamines. 

2-Keto-1 : 2-dihydro-4’-methylcyclopenteno-(1’:2’ : 4 : 3)-quinoline.—A mix- 
ture of 4-methylcyclopentanone 2-carboxylate (3-5 g.) and aniline (2 g.) was 
heated for four minutes at 145-150°. As attempts to isolate the condensation 
product in a state of purity failed, the cooled mass was treated with con- 
centrated sulphuric acid (20 c.c.) and warmed for 15 minutes. The solid 
obtained by pouring the mixture into water crystallised from methyl 
alcohol in colourless plates, m.p. 249°. (Found: C, 78-4; H, 6-7 ; C,,H,;,0N 
requires C, 78-4; H, 6-5 per cent.) 

6-M ethyl-2-keto-1 : 2-dihydro-4’-methylcyclopenteno-(1’ : 2’ : 4: 3)-quinoline 
—The mixture of the ester (2-5 g.) and f-toluidine (1-3 g.) was heated at 
180 for two minutes. As no pure solid could be obtained, concentrated 
sulphuric acid (15 c.c.) was added to the cooled mixture, and warmed ona 
water-bath for 20 minutes. The solid obtained by pouring the mixture 
on ice was washed and crystallised from alcohol when needles, m.p. 230-231° 
were obtained. (Found: C, 78-5; H, 6-7; C,4H,,ON requires C, 78-8; 
H, 7-0 per cent.) 

4-M ethylcyclopentanone-2-carboxy-(1:3: 4)-xylidide—A mixture of 
(1:3: 4)-xylidine (2-5 g.) and the ester (3 g.) was heated at 180° for three 
minutes. The mixture gave, on rubbing with petrol (b.p. 40-60°), a solid 
which was removed and washed with the same solvent. A part of the solid 
dissolved in cold methyl alcohol, and the solution, on concentration, gave 
white, silky needles, m.p. 114°. Its alcoholic solution gave dark-green colour 
with ferric chloride. (Found : C, 73-8; H, 7-8; C,,H,,0. N requires C, 73-5 ; 
H, 7-8 per cent.) 


1-Xylidylamino- A 1 : 2-4-methylcyclopentene-2-carboxy (1:3: 4)-xylidide. 
—The solid insoluble in cold alcohol was soluble in the same solvent on 
warming, and crystallised in colourless needles, m.p. 180°. It gave negative 
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tests with ferric chloride and concentrated sulphuric acid. (Found: C, 79-4; 
H, 8-0; C,3H,,ON, requires C, 79-3; H, 8-0 per cent.) 


6 : 7-Dimethyl-2-keto-1 : 2-dihydro-4’-methylcyclopenteno-(1’ : 2’ : 4: 3)-qui- 
noline.-—A solution of 4-methylcyclopentanone-2-carboxy-(1 : 3: 4)-xylidide 
(0-5 g.) in concentrated sulphuric acid (10 c.c.) was heated on a water-bath 
for 15 minutes, and poured into water, after cooling. The solid crystallised 
from methyl alcohol in colourless plates, m.p. 215°C. (Found: C, 79-1; 
H, 7-5; CysH,,ON requires C, 79-3 ; H, 7-5 per cent.) 


1-p-Chloramino- A | : 2-4-methylcyclopentene-2-carboxy-p-chloranilide.—A 
mixture of the ester (2-5 g.) and p-chloraniline (2 g.) was heated at 170° for 
four minutes. After triturating the viscous mass with petrol, the solid 
was crystallised from alcohol when cclourless needles, m.p. 167—168°, were 
obtained. (Found: Cl, 19-4; C,H,,ON.Cl, requires Cl, 19-7 per cent.) 
It gave negative tests with ferric chloride solution and _ concentrated 
sulphuric acid. 

1-p-Bromanilino- A 1: 2-4-methylcyclopentene-2-carboxy-p-bromanilide.—A 
mixture of the ester (2.5 g.) and p-bromaniline (2 -5 g.) was heated at 180-185° 
for 5 minutes. The reaction was vigorous and the cooled mass was triturated 
with petrol. The solid crystallised from alcohol in colourless needles, m.p. 
185°, and gave negative tests with ferric chloride and concentrated sulphuric 
acid. (Found: Br, 35-5; CygH,gON.Br, requires Br, 35-6 per cent.) 


Condensation of the esters with arylamine at higher temperatures.—A mix- 
ture of the ester (2 g.) and aniline (2 g.) was rapidly heated to its boiling 
point in a hard-glass boiling tube and maintained at this temperature for 
5 minutes. The reaction was vigorous, and the mixture became viscous 
on cooling. On rubbing with dilute alcohol, there resulted a solid which, 
on recrystallisation, gave prismatic needles, m.p. 235° and was identified as 
Sym-diphenylurea by mixed melting point) with an authentic specimen. 
Other arylamines behaved similarly with this ester as well as its 
homologue. 


We have great pleasure in tendering our thanks to Dr. R. F. Hunter 
for his kind interest in this work. 


Summary of Part II. 


The action of various aromatic amines on cyclopentanone-2-carboxy- 
late and 4-methylcyclopentanone-2-carboxylate has been studied, and it has 
been observed that it is possible to prepare the arylamides and arylimino- 
amides. The former can be cyclised to carbostyril derivatives. 
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1. Introduction. 
MANY dye-stuffs are salts of more or less basic or acidic properties and possess 
a colloidal nature. They are often hydrolysed and have colloidal tendencies 
because of this. However, in cases where hydrolysis plays no important 
part the colloidal character is often quite pronounced, for instance in the 
alkali salts of the sulpho-acids. In general, those with high molecular 
weights tend to go into the colloidal state (W. Biltz, 1910). Perhaps 
the most convincing evidence of the colloidal nature of dye-stuffs is given 
by the ultra-microscopic observations of Raehlmann, Michaelis and others. 


Although most of the work done on dye-stuffs has been concerned with 
the practical application in textile industry, it has often been attempted 
from various sides to investigate and characterise the dye solutions. The 
results are often contradictory, because, in the first place, dyes are not well 
defined as chemical individuals and one does not know whether the different 
workers are really dealing with the same substance. Further, the methods 
of investigation differ in value. 

In spite of the fact that much work has been done on ultra-microscopy, 
diffusion, dialysis, osmotic pressure, conductivity, etc., very little work has 
been done on the optical properties of colloidal dye-stuffs, especially the 
study of the absorption of light and Tyndall scattering. The absorption 
coefficient of a large number of colloidal dye-stuffs were measured by 
Pihlblad (1918) in the spectral region A = 2500-7000 A.U. The dispersed 
phase of the investigated systems consisted of aniline blue, indophenol, 
azobenzene, bordeaux, fast red and butter yellow. He studied the light 
absorption in relation to the degree of dispersion of the particles. No funda- 
mental difference was noticed in the form of the absorption curve when the 
degree of dispersion was altered except a lateral shift of the absorption 
maximum in some of the colloids. It was also found that as the size of the 
colloidal particles increased the absorption curve became flatter and flatter, 
in accordance with Mie’s theory. Very recently, Kortiim (1936) has studied 
the absorption of light by aqueous solutions of some organic dye-stuffs in 
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relation to the dispersivity of the ions. Measurements of the validity range 
of the Beer law in aqueous solutions of dye-stuffs have revealed relation- 
ships between the degree of dispersivity on the one hand and ionic magni- 
tude, the number and distribution of hydrophillic groups and stearic influ- 
ences on the other. Although the study of the absorption of light in colloidal 
dye-stuffs has been useful to some extent for the determination of the state 
of dispersivity of ions in solutions, more accurate methods based on the 
study of the Tyndall effect are particularly suitable for establishing the 
commencement of micelle formation and therewith the transition from 
ionic dispersion to colloid-like solutions. The recent investigations of the 
author (1937) on the dispersion of depolarisation in a large number of colloidal 
elements have advanced notably our knowledge of the structure of colloidal 
particles. It is, however, felt desirable to extend these investigations to 
the case of colloidal dye-stuffs also. In the present paper the results obtained 
from a study of the absorption and the scattering of light in aqueous solu- 
tions of some ten dye-stuffs are given. This investigation should be taken 
as only preliminary since no attempt has been made to vary the state of 
dispersion of the dye-stuff ions by the addition of suitable electrolytes. 
The study of the optical properties of colloidal dye-stufts which can be obtained 
in suspension with the particles graded down from those of microscopic 
to those of molecular dimensions is of great importance to understand the 
connection between the degree of dispersivity and the kinetics of the dyeing 
processes. 
2. Preparation of the Sols. 

In the present investigation some ten typical dye-stuffs have been 
selected for study. The list comprises of colloidal dye-stuff solutions, 7.e., 
those which are completely resolvable under the ultra-microscope, semi- 
colloids, 7.e., those which are partially resolvable and molecular dye solu- 
tions, t.e., those which are not resolvable. 

Aniline blue.—The hydrosol of this dye-stuff was prepared by’ adding 
to 100 c.c. of double distilled water at 90-95°C. 1 c.c. of an alcoholic solution 
of aniline blue. The concentration of aniline blue in the alcoholic solution 
was 0-2 g. in 5 c.c. of alcohol. 

The other dye-stuff solutions were prepared by dissolving 0-01 g. of 
the substance in 100 c.c. of water. Since congo rubin is insoluble in water, 
the sol of this dye was prepared by pouring a solution of the dye in ethyl 
alcohol into water. 

3. Absorption and Depolarisation Measurements. 

The methods of measuring the extinction coefficients and the depolari- 

sation factors p,, p, and p, from A 2500-7000 A.U. have already been 
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described in detail in the earlier parts of this series. The scattering power 
of the solutions of the dye-stuffs is comparatively weaker than that of the 
inorganic colloids. Moreover, even in very dilute solutions certain regions 
of the spectrum are completely absorbed. Consequently the depolarisa- 
tion measurements could not be pushed through the entire region of the 
spectrum from 2967-7000 A.U. In such cases the depolarisation curves 
are discontinuous. In most of these dye-stuffs the depolarisation factors 
p, and p, were measured only for a single wave-length far away from the 
region of characteristic absorption. The extinction coefficients for the 
ten dyes are given in Tables I, III and VI. The values p,, p, and p, after 
applying the necessary corrections for the finite angle of convergence of the 
incident beam, are given in Tables II, IV, V, VII and VIII. The curves of 
absorption and the depolarisation factor p, are reproduced in Figs. 1 to 10. 
TABLE I. 


Extinction Coefficient. 














Wave-length | Aniline blue Congo red 
| | 
2250 >1°8 0-7 
2500 >1-8 0-55 
2750 >1°8 0-3 
3000 >1-8 0-4 
3250 >1-8 0 -63 
3500 0-73 0-69 
3750 0-43 | 0-5 
4000 0-3 | 0-39 
4500 0-22 0-65 
5000 0-5 | 1-05 
5500 0-91 | 0-6 
6000 0-73 | 0-21 
6500 0-47 0-14 
7000 0-2 | 0-09 
{ 
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‘Panty: 5. 


Dispersion of Depolarisation p,. 
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Wave-length | | : 
Pu Pu Ph Pu he Ph 
| % Yo “% % ‘Zo % 
3650 4-5 0-28 
4046 2.5 0-2 11 | 
4358 $ 0-15 | 8-9 | 
| | 
4750 | 2-3 | 0-5 23 
5000 | 2-9 | 0-88 | 49 | 18 10 100 
| | | 
| 
5500 | 4-2 1-2 67 20 13 | 100 
6000 3-6 1-05 49 18 11 | 100 
6500 3-3 0-88 17 
-_ — —_ —- | —— 
o-at 
1 =Aniline blue 
os II = Congo red 
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TABLE III. 

Extinction Coefficients. 

Wave-length Todine green Nigrosin Congo rubin | Indigotin 
2250 >1-8 1-7 >3 1-2 
2500 >1-8 1-7 2°8 1-65 
2750 0-95 1-68 1-2 2-45 
3000 0-48 1 -66 1 -36 >3 
3250 0-21 1-47 1-86 1-85 
3500 0-07 0-78 1°6 1-15 
3750 0-02 0-48 1-06 0-38 
4000 | 0-01 0°37 0-96 0-15 
4500 | 0-06 0-54 1-6 0-25 
5000 0-18 0-67 >3 0-4 
5500 | 0-44 1-0 >3 1-0 
6000 | 0-85 1-05 0 -96 2°75 
6500 | 0-27 0-85 0-27 2-0 
7000 | 0-15 0-7 0-2 0-7 
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TABLE IV. 


Dispersion of Depolarisation py. 

















| | 
| Iodine green Nigrosin 
iaisiiciineeipemnbetsieitinctianicts _— 
Wave-length | | | 
| me | & Ph | Pu Px Ph 
% y %o % % y, 
| | | 
| Be, ee ee ee | eee 
2967 3-0 16-3 
3650 3°7 8-4 | 
| | 
4046 5-0 | | 6-3 | 
| 
4358 7-0 7 +3 
1750 10-8 1-2 | 14-5 | 
| | 
5000 18-3 5-6 | 50 | 19-6 | 
| | | 
9500 73 45 | 65 | 30-5 | 
| i 
| 
6000 73 65 100 | 31-8 | 
6500 28-5 | 13 | 21-5 | 
7000 11-7 5-3 | 13-9 | 4-4 52 
| 
TABLE V. 
Dispersion of Depolarisation p,,. 
| Congo rubin Indigotin 
Wave-length | i l 
Pu J Ph | Pu 
% ie | % yf 
3650 | 37-5 6-3 
4046 22-3 5-0 
1358 29-8 4-5 
4750 8-0 
5000 me | 13 -3 
5500 30-5 | 23 +8 
6000 14 | 34-7 
6500 11 ea i — 
7000 * 2°38 5B 16-3 
naan 
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TABLE VI. 


Extinction Coefficients. 








| 





























Wave-length | Chryosidine | — , oe Orange IL 
| | 
2250 | >3 1-8 1-0 >3 
2500 | 1-75 1-5 1-8 >3 
2750 | 1-05 1-0 0-9 >3 
3C00 0:7 2-6 2-2 2-6 
3250 | 0-45 0-7 0-55 >3 
3500 | 0-4 0-2 0-13 >3 
3750 | 0-9 0-10 0 -02 >3 
4000 | 1-8 0-05 0-01 >3 
4500 | >3 0-6 0-38 >3 
5000 >3 3 2-2 >3 
5500 | 0-5 >3 >3 2-4 
6000 0-2 >3 >3 | 0-4 
6500 | 0-075 1: 3° 0-32 
7000 | 0-0 0-2 0-25 | 0:3 
| | 
TABLE VII. 
Dispersion of Depolarisation py. 
spstinlasliticcplicegietas 7 adres ee 
wr Hoffman’s 
Chryosidine | bee 
Wave-length | : _ 
Pu Pu | PA Pu 
0/ 0/ | 0/ 0o/ 
/O0 /O /O /9 
—— si aieailile 
2967 ms a mn 8-3 
3650 3-1 | Bed 
| 
| | 
4046 6-9 _ a 5-4 
1358 9-5 | 7, 73 
| 
5500 _ | 
| 
6000 25 +4 | 13 | 100 | 
6500 | 18 | 8-5 | 87 | 11-1 
7000 | 4 | 1:5 | 70 | 71 
| | 
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TABLE VIII. 


Dispersion of Depolarisation p,,. 
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4. Discussion. 


A comparative study of the absorption coefficient and the depolarisa- 
tion factors show that the colloidal organic dye-stuffs behave as do the 
colloidal metals such as, gold, silver, etc. In the regions of characteristic 
absorption the depolarisation factors and hence the anisotropy show an 
enormous increase. In most cases the absorption curves and the depolarisa- 
tion curves are exactly similar in form. If one side of the maximum in the 
absorption curve is steeper than the other side, the corresponding side of 
the maximum of the depolarisation curve is also steeper than the other. 
Among the ten dye-stuffs investigated, aniline blue, congo red, congo rubin 
and nigrosin (water-soluble) are typical colloidal electrolytes. Of these 
aniline blue was obtained very easily in colloidal condition. The scattering 
power of this sol is considerably greater than that of the other three. The 
depolarisation measurements show that the solutions of these dye-stuffs 
contain anisotropic ultra-microscopic micelle. In congo red solution the 
anisotropy of the particles is comparatively great, whereas in the case of 
aniline blue the optical anisotropy is very low. 














Dispersion of Depolarisation of Light-Scattering in Colloids—V 563 


The solutions of indigotin, Hoffman’s blue and iodine green are mole- 
cular and not colloidal. The molecules of iodine green are highly aniso- 
tropic. In the other two cases because of the low scattering power and 
intense absorption, the depolarisation factors p, and p, could not be measured 
accurately with the experimental arrangement employed in the present 
investigation. The solutions of indigotin and iodine green exhibit a weak 
fluorescence. 

Dyes such as methyl violet, chryosidine and orange II occupy an inter- 
mediate position. The solutions of these dyes can be made colloidal by 
the addition of a suitable electrolyte. In methyl violet solution p, increases 
enormously as the region of characteristic absorption is reached. The 
increase is not so much pronounced in chryosidine. Orange II gives the 
lowest values for p,, p, and p,. 

The author’s thanks are due to Prof. Sir. C. V. Raman, kKt., F.R.S., N.L., 
for his kind interest in the work. 


5. Summary. 


The earlier work on the absorption of light by aqueous solutions of 
organic dye-stuffs has been briefly reviewed. It is pointed out that the 
study of the optical properties, especially the Tyndall effect, of colloidal 
dye-stuffs which can be obtained in suspension with the particles graded 
down from those of microscopic to those of molecular dimensions, is of great 
importance to understand the connection between the degree of dispersivity 
and kinetics of the dyeing processes. Measurements of the depolarisation 
factors p,, p, and p, and the extinction coefficients of aqueous solutions of 
ten typical dye-stuffs are made for different wave-lengths from 2500 to 7000 
A.U. As in the case of metallic sols, such as gold and silver, so also in the 
case of these dye-stuffs the depolarisation values attain their maximum 
value in the regions of specific absorption. The depolarisation measure- 
ments indicate that the sols of aniline blue, congo red, congo rubin and 
nigrosin contain anisotropic ultra-microscopic micelle whereas the solu- 
tions of indigotin, Hoffman’s blue and iodine green are molecular and not 
colloidal. The solutions of methyl violet, chryosidine and orange II occupy 
an intermediate position. 
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THE arithmetic mean has been in use for such a long time and has conse- 
quently and for some other reasons become such a general favourite—even 
its name has been shortened to “‘ the mean ’’—that the mere idea of using 
some other statistical parameter in its place is very likely to be not only 
looked down upon but also scoffed at by many Statisticians. The general 
belief is that no other statistic* calculated from a sample has any claim to 
the seat of honour that has been given to the mean of that sample. We 
will examine in this paper some of the advantages which the mean is said 
to possess over similar statistics, and show that those advantages can also 
be secured by one other at least. 

Let us first consider the likely rivals to the mean. They are the mode 
and the median, if for the present we leave out of consideration the geometric 
and the harmonic means. We can dismiss the mode at once because it 
does not possess the essential quality, namely, that a useful statistic should 
be capable of being determined accurately for a sample. The smaller the 
sample, the greater is the uncertainty in the determination of its mode. 
Besides, there may be more than one mode. Thus we are left with the 
median. 

The median can be determined uniquely just as the mean, but far more 
quickly. This advantage, however, cannot be given much weight. The 
reasons why the mean has been preferred to the median are the following :— 

1. The median is not affected by the magnitude of the values so long 
as a change in the magnitude of any value does not alter its position with 
regard to the median, whereas the mean depends upon the individual 
values. 

2. The mean is consistent and sufficient and is the most efficient of all 
statistics. 





* This beautiful word coined by R. A. Fisher did not find favour in the eyes of Karl 


Pearson, see the first foot-note on page 49 of (*°). Nevertheless it is to be hoped that the 
word will still continue to be used. 
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The first reason generally put forward is as the most powerful argu- 
ment in favour of the mean as against the median, because it is believed that 
as the mean takes into account the individual values in the sample, it is 
more representative of the sample and gives more information from the 
sample than the median. Precisely what this extra information is nobody 
seems to have taken the trouble to state or even to find out. 


Fisher has defined the ‘‘ amount of information ’”’ in a sample and the 
‘amount of information’’ supplied by any statistic calculated from that 
sample [(see (!") and (!5)], but these definitions have only theoretical interest. 
Besides, the assumption that is made there is that the distribution of the 
efficient statistic tends to normality with the increase in the number of 
individuals in the sample, an assumption which is true in the case of 
samples drawn froma normally distributed population but may not hold 
in the case of samples from a non-normally distributed population. 


Suppose we are told that the mean of a sample is 30. If on the other 
hand we are told that the median of the sample is 35, our knowledge about 
the sample or of the population from which the sample was obtained is 
neither more nor less than if we had been given only the mean of the sample. 
By itself, each is as equally useful or useless as the other. 


Let us consider the practical use to which the mean of a sample is put. 
If there is only one sample, we test the significance of its mean. If there 
be more than one sample we try to find out whether these samples could 
not have been obtained by mere chance from the same population. These 
tests are based on the assumption of “‘ normal ”’ (or “‘ not far from normal ’’) 
distribution in the populations from which our samples were obtained. We 
give below better tests than these, better in the sense that they are inde- 
pendent of the distributions of the individuals in the populations from which 
our samples were drawn. Hence the so-called information possessed by the 
mean of a sample is not of interest, so long as the original distribution is not 
known. 


Let us now turn to the second reason. It is perfectly true that the 
mean of a sample possesses these characteristics as defined by Fisher, 
provided that the sample was drawn from a normally distributed population. 
This proviso is the most important and unfortunately it is the greatest 
stumbling block also. In other cases the mean may lose one or all of these 
three properties. Fisher, himself, has given on page 321 of (}4) an example 
where he has shown that the mean is an entirely useless statistic for the 
purpose of determining the mean of that population from a sample drawn 
from it. Now, it is only in a very few cases such as the tossing of coins, the 
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throwing of dice, the counting of the number of corpuscles with a hemacyto- 
meter, etc., that we know the form of the frequency-distribution in the 
population from which our sample has been obtained. In all other cases 
we have absolutely no idea of this distribution. ‘Then what is it that is done 
in such cases? The most usual procedure has been to assume that our 
sample was obtained from a population in which the frequency-distribution 
is either normal or not far from normal. Is this assumption justified ? 
We have to confess that so far no satisfactory justification has been forth- 
coming. The assumption is made with a feeling (or is it with a hope ?) that 
we may not be far wrong. 

Let us consider the full significance of this assumption. We calculate 
some statistics from our sample, apply certain tests to these statistics and 
draw appropriate conclusions. The tests are such that these conclusions 
are quite correct if the frequency-distribution in the population from which 
our sample was drawn is normal. In other cases they are subject to errors 
the magnitudes of which depend upon how far the frequency-distribution 
in the population differs from the normal. Our assumption that this distri- 
bution is not far from normal means that we consider that these errors are 
not material. Hence the same tests are being applied to samples in all those 
cases in which the frequency-distributions in the populations from which these 
samples were drawn are unknown to us. As we cannot prove or disprove 
the legitimacy of our assumption, it follows that we can neither show that 
our deductions are correct, nor find out whether they are wrong. This 
being the case we do not appear to be better off after applying the tests than 
if we had not applied them. 

We see thus that the tests in use at present may not give, in a number 
of cases, the information that is sought from them. Further, we are unable 
to find out which of our deductions, after applying the existing tests, are 
trustworthy because we are not able to determine definitely which of our 
samples had been drawn from a normally distributed population. The 
question then arises, ‘‘ Are there any tests which are applicable to all cases, 
that is to say are there tests which are independent of the frequency-distri- 
butions in the populations from which our samples are drawn ?’’ The 
answer is most certainly yes, and an infinite number of such tests can be devised. 
We will consider for the present only those tests in which the median 
is used. 


Credit should undoubtedly go to P. R. Crowe for having boldly espoused 
recently the cause of the median in his paper.! His enthusiasm for the 
median must have caught H. A. Mathews who followed with his paper (?). 
Still more recently Crowe has given another paper (*) on the same subject. 
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In his paper (?) Crowe has given many advantages which the median 
possesses over the mean in statistical tests. In addition to these the 
median has another advantage which is the most important from the statis- 
tical point of view, namely, that using the median we can devise tests which are 
applicable to samples irrespective of the nature of the frequency-distributions in 
the populations from which the samples were obtained. A preliminary note 
on these tests was given in (4). Before describing these tests we will start 
with two definitions :-— 

The definition of the median of a population is well known, namely, 
it is the value such that there are as many individuals below it as there are 
above it in that population. 

We will use the following definition for the median of a sample.t 


If the values (say m in number) in the sample be arranged in the 
ascending order of magnitude thus 
ae. ae 
the median of the sample is 
(1) Ym+, When nm = 2m + 1, and 
(2) 3 (Ym + Ym41) When n =: 2m 


Yn-1 Yas 


The phrase ‘‘ the median of a population ’’ will occur so often that it 
appears necessary to have a special symbol for it. All the likely symbols 
M, m, and p have already been used to represent some parameter or other. 
For this reason I suggested in (*) that the Sanskrit letter 4 (pronounced 
like ‘‘ me’’ in ‘‘ calmer’’ but with the vowel sound slightly less prolonged) 
may be used for this purpose. The letter appears to be quite appropriate 
not only on account of its sound but also because it is the first letter of the 
Sanskrit word @*44 which means middle or central. As for the sample, 
its median will be represented by @’. 

Thus for ‘‘ the median of the population from which sample A was 
obtained ’’ we will write ‘‘# of sample A’’, or merely “ @ of A’’, whereas 
by ‘a’ of sample A”’ or ‘8’ of A”’ we will mean “the median of the 
sample A”’. 


Limits for 4.--We will now derive two limits between which the 4 of 
our sample should lie in order that the sample could have been obtained 
from that population by random chance. 





+ For other definitions see Whittaker and Robinson’s Calculus of Observations, p. 197 
(1924 edition). The method for determining the median of a sample suggested by Dunham 
Jackson is interesting in that he must have been imagining that from that method one will 
obtain the best approximation to the median of the population from which that sample was 
drawn, 
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From the definition of the median of a population we see that the 
chance is 4 of obtaining a value Jess than @ at random from that population. 
The chance is also 4 of drawing at random from that population a value 
greater than @. 

Suppose our sample contains values. 

The chance that in a random sample of » values there are not more 
than /] values below @ is given by 


1 
P = On (1 +, C, + » Cc, + eos ae 2 +, C,), 
=Iy(n—11+1) .. a ts es (I) 


where I, (n —J/, / + 1) is an incomplete £-function ratio written after the 
manner of K. Pearson.’ 

For a given value of P and we can solve equation (I) for /. A method 
of solution is given below. 

Let us choose some limit for random chance, say 5%. We put P=0-05 
in (I) and solve for /. In general, we will get two consecutive integers such 
that the corresponding values of P from (I) are on either side of 0-05. We 
use 1, the smaller of the two integers. 

We now arrange our values in the sample in the ascending order of 
magnitude thus, 

Vi Va eee Vie eee Vnsi-dyees + Van- 

It is clear that when @ is equal to or less than y;, the chance is less 
than 0-95 of getting in a random sample of ” values not more than /, values 
which are below @ ; that is to say, on our 5% limit for random chance our 
sample could not have been obtained from a population in which @ is equal 
to or less than y,,. Hence 4 > yy. 


Similarly we can see that on the same 5% limit for random chance 
H < Ynti-;,- Thus 
Mi, <4< Yn+i-l; (i) 
Suppose yz, < 3441 ANd Yy-7, <Ynti-7,, Now the y’s are measur- 
ed correct to a certain number of significant digits. We increase ¥7, and 
decrease y,41-/, by unity in the last significant digit. Let the new values 
so obtained be denoted by y’,, and y’,,,-7,. Then our inequality (i) can 
be written as 


91, S49 < y'nat-1, (ii) 

Since the limits y’,, and y’,,,-,, were determined on the 5% limit for 

random chance, we will term them the 5% limits for H and the interval 
y's, to ¥'nt1-7, (including the limits) the 5% interval for 4. 
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In deriving (ii) we assumed that yy < iy. and Yup, < Ynyr-7,- 
If, however, ¥;, =¥,41 then y’), = 4y,,, and when y,_), = Ynsi-,, we take 
¥ n41-1; = Yn+1-1;: 

In a similar manner we can find the limits and the interval for 4 on 
any assumed limit for random chance. 

It may be noted in passing that the problem considered here is to some 
extent the converse of that discussed in (5) and (4), where equations similar 
to (I) have occurred. In the problems considered in those papers / (or a in 
the notation used there) was assumed to be known but the population 
chance of success was unknown and so the limits to the population chance 
of success were obtained. In the problem solved here, the population 
chance of success is known—it is equal to 0-5—while / is not known. Hence 
the value of / is found from equations like (I). 


The @ test of significance.—We will now give a test of significance which 
may be stated in the two following forms, the first being applicable to 
a single sample, while the second when there are two or more samples. 

1. The median of a sample is significant (7.e., it is significantly different 
from zero) on any given limit for random chance, if the interval for @ calcu- 
lated from that sample on that limit for random chance does not contain 
zero. If zero be an end of that interval, the median can be considered to 
be just significant. 

2. The medians of two samples are significantly different from each 
other if the intervals (on our limit for random chance) for the corresponding 
H’s do not have a common part. If the higher end of one of the intervals 
be the same as the lower end of the other, the corresponding @’s can be 
considered to be just significantly different from each other. 

Before applying these tests to a few numerical examples we will show 
how to solve equation (I) for 7. There are two methods :— 

(a) In this, the first method, the tables? are used. There is, however, 
a certain upper limit to , depending upon the value for P (our limit for 
random chance), beyond which the tables cannot be used. For such cases 
the method (bd) is available. For example, when P = 0-05, » should not 
be greater than 84, and when P = 0-01, » must not exceed 79 if tables? 
are to be used. The following is the method. 

We start with an integral value, say m, slightly less than 4m and from 
tables? we find I; (n+-1— m, m). If this be greater than P, our limit 
for random chance, we find I; (n + 2 — m, m— 1), that is, we increase 
p and decrease gq (both in Pearson’s notation) by unity. In this manner 
we will find in general two values Ij (n + 1— m,, m,) and ky (n — m,, 
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m, +1) such that I; (2 +1—m,, m,) <P <Iy (n— m,,m,+1). We 
take 7, = m, — 1, that is to say we take the samller value, m,, of g in these 
two I-functions and diminish it by unity to get our value for /,. 

(b) This method, which is approximate, is applicable for all values of 
n. The error introduced by this method diminishes very quickly with the 
increase in nm. Although the error may be small, our method of selecting 
1, may occasionally magnify the error into + 1 in the calculated value of 
1,. When is large, 1, is also large, and as will be seen later on an error of 
+1 in /, in this case will not affect our results materially. 

This method depends upon the fact that the binomial distribution 
(4 +4)* approaches the corresponding normal distribution very rapidly 
with the increase in n. The following is the method : 

From Table II of (8) we find the value of x for which the value of 
4(1 +a) is 1 — P, P being our assumed limit for random chance. Let the 
value of x be x,. Then 

1, is the integral part of $(m — 1— x, yn) (iii) 
The limits for random chance usually adopted are 5% and 1%. 
When 5% is the limit for random chance, 


1, is the integral part of }(m — 1 — 1+ 6449 yn) (iv) 
and when 1% is the limit for random chance, 
1, is the integral part of $(m — 1 — 2-3263 yn) (v) 


When we use 5% as our limit for random chance, it is a very happy 


accident that for > 84, in which case tables? can be used, there is no 
error in 1, as calculated by the relation (iv). Hence tables? are not neces- 
sary. When, however, we use 1% as our limit for random chance, errors 
in 1, as calculated from (v) are found only in the following cases for n + 79, 
for all of which tables? can be used. 











TABLE A. 
l, 
n | lati 
| from x = nena 
= ee Fee een 
19 3 4 
27 6 
41 12 13 
53 17 18 
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With this Table A before us we can dispense with the tables’ when we 
adopt 1% as our limit for random chance. Thus, we can completely do away 
with tables? when we use either 5% or 1% as our limit for random chance. 

For higher values of , errors will be introduced occasionally in the 
values of 1, calculated by (iv) or (v), but, as mentioned above, the errors 
will only be + 1 and an allowance can always be made for this as shown in 
example 3 below. 

Example 1. To show that the method (b) does not introduce a large 
error even for small values of » we shall apply both (a) and (6) to the case 
where m = 15. Suppose we take P = 0-05. 

We will use the method (a) first. Proceeding in the manner described 
above we find that I, (11, 5) = -0592 and I, (12, 4) = -0176. The smaller 
value of g is 4. Hence 1, =3. 

Let us now use the method (0b). From (iv) we see that /, is the integral 
part of (14 — 1-645 x 3-872) which is 3-82. 

Thus J, = 3, the same result as that obtained by method (a). 


We will now apply the 4 test of significance defined above to some 
numerical examples. 

Example 2. Let us take the example given on page 113 of Fisher’s 
book.® This example relates to the test conducted to find out which of two 
narcotic drugs (Dextro-) and (Levo-)t is the more potent. The results are 
reproduced below :— 

TABLE I. 


Additional hours of sleep gained by the use of hyoscyamine hydrobromide. 








| i 

Patient | 1 (Dextro-) 2 (Levo-) | “a ye 
i | oe 

1 | + 0-7 + 1-9 | + 1-2 

2 — 1-6 +08 | + 2-4 

3 — 0-2 +11 | +13 

4 | — 1-2 + 0-1 + 1:3 

5 — 0-1 — Q-1 | 0-0 

6 + 3-4 +44 | + 1-0 

7 + 3-7 +55 | +18 

8 + 0:8 +16 | + 0-8 

9 0-0 +46 | + 4-6 

10 + 2-0 + 3-4 | + 1-4 














} These are abbreviations for Dextro-hyoscyamine hydrobromide and 1. evo-hyoscyamine 
hydrobromide. 
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(a) Suppose each of the patients had been given the two drugs in 
succession but in a random order. The last column gives the excess in the 
hours of sleep produced by (L@vo-) over those produced by (Dextro-). If 
the two drugs were equally powerful it is easy to see that the population of 
these differences in the two durations of sleep is symmetrically distributed 
about zero. Hence, the median as well as the mean of this population is 
zero. Our test of significance is thus to see whether median of the sample, 
in the last column of the table, is significantly different from zero. 

To apply the test we arrange the values in the ascending order of 
magnitude thus 


0-0, +0-8, +1-0, +1-2, +1-3, +1-3, +1-4, +1-8, +2-4, + 4-6. 
The median, #7’ is + 1-3. 
Since = 10, we find that / = 1 on the 5% limit for random chance. 
Hence y;, and yq,1-7, are 0-0 and +4-6, and y’,, and y’,,,,, are + 0-1 
and +4-5, as y2> Vy, and yy> ys Thus the 5% interval is from 
+ 0-1 to + 4-5 (limits included). 

This interval does not contain zero, and so we conclude that the median 
of the sample is significantly different from zero, that is to say (Le@vo-) is 
significantly more potent than (Dextro-). 

Fisher using “ Student’s ’’ t test finds that the mean of the sample is 
significantly different from zero. 


(b) Suppose now that the drugs had been given to twenty different 
people. In this case we must use the columns under | (Dextro-) and 
2 (Levo-) separately. Arranging the values in the ascending order of 
magnitude, the values in the two samples are: 

(a’) —1-6, —1-2, —0-2, — 0-1, 0-0, +0-7, +0-8, +2-0, +3-4, 

+ 3-7 and 

(b’) —O-l, +0-1, +0-8, +1-1, +1-6, +1-9, +3-4, +4 4-4, 

+4-6, +5-6. 

The 5% interval for (a’) is —1-5 to + 3-6 and that for (b’) is 0-0 to 
+ 5-5. These two intervals have a common part and so the medians of the 
two samples are not significantly different from each other on the 5% limit 
for random chance. On the t test Fisher finds that the means of the two 
samples are not significantly different from each other on the same limit 
for random chance. 

We will now show how to apply the 4 test to those cases in which 
n is quite large. We will take the example 18 on page 110 of (°). 


Example 3. A test was conducted to see whether the mean difference 
in height between the two sexes is significant. The following table, which 
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is a reproduction of Table 26 on page 110 of(®) with an extra row, gives the 
distribution of the excess in stature of a brother over his sister in 1401 pairs. 











c | t aa 3 | Th ist | 46; | 118 


TABLE II. 
1 [-s[-s|-s|-2{-1]o]1 [2] s |. 5 6 
b | } 14 | 14 | 43 | 123 ony | 71 | 1224 1713 | 209% | 2204 | 2054 
| 
| 





| 
| 2408 | 4124 | 622} | 9423 | 1048} 














| | 
a 7 8 | 9 | 14 |) 15 16 
b 1483 953 57 | 26 11} : | 1 3 
| | z 
c 1197 | 1292? | 13493 | 13753 1387 | 13954 | 13984 13994 | 1400} 1401 
} | 
@ = Stature difference (in inches) ; 8 = Frequency; c = Total frequency from the negative end. 


(In the following detailed working of the problem brevity has been 
purposely sacrificed for clarity in many places.) 

There are 1401 values in our sample. Hence the median is the 701th 
value when the values are arranged in the order of magnitude, that is to say 
it is some value between 4 and 5 inches (see row c). The variable, the 
difference in stature, obviously varies continuously and so we can very 
reasonably assume that the portion of the frequency curve between 4 and 
5 is straight as the interval is small. Now, half the frequency listed under 
4 is below 4 inches and half that listed under 5 is above 5 inches. Thus 
there are 5173 (= 4124 +4 x 2093) values below 4 inches, and 2154 

= } (2093 +-2204)] values in the interval 4 to 5 inches. Assuming that 
the frequency curve in the interval 4 to 5 inches is straight, we get 
701 —5173 
2154 

It is very difficult to measure the height of a person correct to 0-1 inch. 
Hence it will be more than sufficient if we calculate the median value correct 
to 0-01 inch at the utmost. 


Thus the median of our sample is 4-85 inches. 


the 701th value = 4 + = 4-8537 inches. 


To find the 5% interval we use (iv). We see that ], is the integral part of 
4 (1400 — 1-645 ¥1401) = 669-2 

Thus /, = 669. 

The lower limit is the 669th value from the negative end and is 4-71 inches 
(more accurate value is 4-7095 inches). The upper limit is the 669th value 


from the positive end and is 5-00 inches (more accurate value is 4-9979 
inches), 7.€., Veg9 = 4°71” and 4433 = 5-00’. 
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To find our y’s we must calculate the value of yez79 and ‘732. Now the 
change in height per individual is 1/2154 = -0046. Hence ye = 4-71 and 
Vr32 = 4:99. We see that Yegg = Yer and Yo32 < Yas. 

Thus the 5% interval is 4-71 to 4-99 (limits included). 

This interval does not contain zero. Hence the median of this sample 
is significant, its H being given by 

A”-Tl< A 4”-99. 

lisher’s values, on the assumption of the normal law, are :— 

Mean of the sample = 4”-895, and the mean of the population is 
some value between 4”-75 and 5”-00. 

While explaining the method (0) for calculating /, it was said that the 
error introduced in the calculated value of J, is occasionally +1, and that 
when J, is large this error will not appreciably affect our results. In this 
example 1, is the integral part of 669-2 and so we took 1, = 669. If at all 
this value is in error by 1, its correct value is 668. Assuming this value we get 

Veos = 4°70 and 734 = 5-00. 
Since Vee9 > Vees ANd Yr33 =Vraa, we get 

y' g6g = 4°71 and y’23, = 5-00. 
The 5% interval now comes out as 4-71 to 5-90. Thus only an insignificant 
change has been produced in the interval by correcting our value of 1, for 
a supposed errar tn tt. 

We will take one more example in which Fisher has applied the t test 
as well as another which he has called a ‘‘ General’’ test. This example 
is given in Fisher’s later book.!® 

Examtle 4. A test was made to see whether cross-fertilised plants 
grow taller than self-fertilised ones. The data are given in Table 3 on page 
41 of (2°) and are reproduced below in the order of ascending magnitude. 

TABLE ITI. 

Differences in eigths of an inch between cross- and self-fertilised plants 
of the same pair, 

— 67, — 48, 6, 8, 14, 16, 23, 24, 28, 29, 41, 49, 56, 60, 75. 

Let us apply the 4 test to this sample, namely to see whether the 
median of the sample is significant. 

a’ of the sample is 24. 
Since m = 15, 1, = 3 [see example (1)] on the 5% limit for random chance. 


yi, and y,,1-2, ate thus 6 and 56. 


Hence y’;, and y’y4:-7, are 7 and 55 respectively. 
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a’ is therefore definitely significant as the 5% interval 7 to 55 does not 
contain zero. 


Fisher, using the t test and the same limit for random chance, finds that 
the mean is just significant. He now applies another and more general test, 
see pages 50-54 of (2°). On this test he finds that the mean just fails to be 
significant. 

To understand this general test consider an infinite population consist- 
ing of the differences in length between cross- and self-fertilised plants of 
the same pair. Let us draw an unlimited number of random samples of 
15 values each from this population. We will thus get another infinite 
population consisting of these samples. In his general test Fisher has 
confined himself only to a portion of this second population, namely, to those 
samples in which the individual values are numerically equal to those in 
our sample. In reality he has restricted himself still further to a part of 
this portion of the population, for in using only 2° such samples he has 
virtually assumed that in the original population of these differences the 
frequency of each of the values (numerically) found in our sample is the 
same. There is really no justification for this assumption and for this 
restriction. Hence Fisher’s test is not really as general as the 4 test 
described in this paper. 

In the case of a normal distribution, the mean and the median are the 
same. Hence when samples are drawn from this population there is bound 
to be agreement in a large proportion of the cases between the results 
obtained from the t test and the W test. It should, however, be noted that 
the converse will not necessarily be true, that is to say, if the results of the 
two kinds of tests agree, we cannot definitely say that the sample has been 
obtained from a normally distributed population. On the other hand if 
there is no agreement between the results, we can more definitely conclude 
that the sample could not have been drawn from a normally distributed 

population. 


Applying these arguments we can conclude that the samples in exam- 
ples 2 and 3 may have been obtained from a normally distributed popula- 
tion, while that in example 4 could not have been obtained from such a 
population. 


It will be clear from the foregoing that the test suggested in this paper 
is independent of the frequency-distribution in the population, whereas the 
tests, which are in use at present and in which the mean is used, depend upon 
some specific assumption (usually the normal law) regarding the frequency- 


distribution in the population. Hence the test described in this paper is 
A6 F 
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quite general. This is its greatest merit. In addition another great merit 
of this test is that its application is far simpler and quicker than that of the 
t test, especially, when the number of data is large, as in example 3. Hence 
the suggestion is put forward that the 4 test, in which the median is used, 
may replace the existing ones with advantage. 


There is, however, likely to be some opposition in the beginning to this 
move. ‘This opposition will be mainly due to the feeling that as the mean 
depends upon the individual values in the samples, it must be somehow more 
representative of the sample than the median. It is intended to discuss 
this aspect of the matter in more detail in the near future. We will, how- 
ever, remark in advance that for all practical purposes the so-called advan- 
tages of the mean will be found to have but little value and that the median 
is a far superior statistic for use in significance tests such as those discussed 
in this paper. 

Summary. 


In this paper a new test of significance, called the 4 test, in which the 
median is used, is given. It is shown that this test is quite independent 
of the, to us unknown, frequency-distributions in the populations from 
which our samples are drawn. ‘The application of this test is quite simple. 
Hence the test appears to be far better than those in use at present and 
which are based on some assumed frequency-distribution, generally normal 
distribution. The 4 test is applied to some illustrative examples and the 
results compared with those obtained after the application of the existing 
tests. 
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1. Introduction. 


THE well-known formula of Smoluchowski-Einstein which gives Rayleigh’s 
constant for the polarised coherent scattering due to density fluctuations in 
any medium, shows that the intensity of this scattering is proportional to 
the coefficient of isothermal compressibility 8. If one approaches the criti- 
cal point, the coefficient 8 increases rapidly and consequently one observes 
an abnormal increase in the intensity of scattering. ‘This phenomenon is 
called the critical opalescence. It is a remarkable phenomenon easily 
observed but not so easy to interpret. For mixtures of certain pairs of 
liquids there exists a critical temperature of complete miscibility in the 
neighbourhood of which one finds a strong opalescence due uniquely to the 
fluctuations of concentration. The critical opalescence of binary liquid 
mixtures presents the same optical characteristics as those of pure liquids. 
The theory of Smoluchowski-Einstein shows that one gets an expression 
for the intensity of scattering in a liquid mixture by replacing in the expres- 
sion for the intensity of scattering for a single liquid the coefficient B by 
a coefficient characteristic of the fluctuations in concentration which becomes 
infinite at the critical point of complete miscibility. By using carefully 
purified liquids freed from dust by repeated distillations im vacuo, the 
opalescence in mixtures could be studied over any desired range of tempe- 
rature and not merely in the immediate neighbourhood of the critical point 
and very remarkable and interesting changes in the intensity of the scattered 
light and the state of polarisation are observed. ‘There are certain features 
of the phenomenon, however, that do not find an explanation on the basis 
of the Smoluchowski-Einstein theory, one of which is that the depolarisation 
of the opalescent light remains finite instead of tending to zero as the criti- 
cal solution temperature is reached. The above theory was afterwards 
modified by Ornstein, Zernike (1914, 1916, 1918, 1926), Placzek (1930) and 
Rocard (1933) but with very little success. 
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In a series of papers in these Proceedings (Krishnan, 1934-35) the author 
presented evidence for the first time that large molecular clusters exist in 
such liquid mixtures in the neighbourhood of the critical solution tempera- 
ture. The essential idea involved in the author’s experiments is the 
examination of the state of polarisation of the transversely scattered light 
when a beam of plane polarised light with its electric vector horizontal is 
passed through the medium. In such a case the scattering in the transverse 
horizontal directions would be completely unpolarised, 7.e., its depolarisa- 
tion factor would be unity provided the scattering centres are of molecular 
dimensions. Any departure from the value of unity would therefore 
indicate that the scattering centres are no longer of molecular size but 
possess dimensions not small compared with the wave-length of light. The 
finite value of the depolarisation of the opalescent light arises from 
this fact. 


Almost simultaneously with the author’s discovery of molecular clus- 
tering in liquid mixtures, Rousset (1934) reported some quantitative data 
regarding the state of polarisation of the light scattered by binary liquid 
mixtures in the neighbourhood of the critical solution temperature. He 
finds that as one approaches the critical temperature, the depolarisation 
factor p, diminishes at first and after attaining a minimum very near the 
critical solution temperature increases again rapidly. By assuming that the 
primary scattering is completely polarised he has attempted to explain the 
rapid increase of p, in the immediate neighbourhood of the critical point 
by the existence of a secondary scattering partially depolarised, the inten- 
sity of which increases more rapidly than that of the primary scattering, if 
AT is sufficiently small. AT is the difference of temperature between any 
particular temperature and the critical solution temperature. The anoma- 
lous depolarisation observed in the neighbourhood of the critical point when 
the incident light is polarised with vibrations horizontal has been attributed 
by Rousset to secondary scattering, whereas the present author has attri- 
buted it to the presence of molecular clusters. A study of the dispersion 
of depolarisation of light-scattering in liquid mixtures very near T, will be 
a decisive test. The recent investigations of the author (1937) on the 
dispersion of depolarisation of light-scattering in colloids have clearly shown 
that if there is any tendency for the formation of molecular clusters of size 
comparable with the wave-length of light, the depolarisation factors should 
exhibit an appreciable dispersion with wave-length. Hence it was thought 
desirable to go into this question in detail in order to decide once for all 
whether all the anomalies observed at the critical solution temperature 
of liquid mixtures could be explained on the basis of the formation of 
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molecular clusters or not. At first a brief resumé of the theory of secondary 
scattering as propounded by Rousset will be given and also the further 
consequences of this theory which has not been considered by him. These 
are tried out experimentally and the results are also given. Measurements 
of the intensity and the depolarisation factors p,, p, and p, were made for 
three more binary mixtures and one ternary mixture over a range of teimpe- 
rature of about 30° above the critical solution temperature. A critical 
study of the theory of Gans (1936) has been made in relation to the experi- 
mental results obtained by the author from a detailed study of light-scatter- 
ing. The bearing of these results on the anomalies of viscosity, magnetic 
birefringence, flow birefringence, etc., noticed in the vicinity of the critical 
solution temperature has also been discussed in detail in the present 
paper. 


2. Theory of Secondary Scattering. 


The principle underlying the calculations of Rousset is that when 
a beam of linearly polarised light is incident on a small volume of a mixture 
of two liquids, each individual volume element inside the mixture becomes 
a luminous source vibrating parallel to the incident electric vector and sends 
out radiations which he calls as the primary scattering. This in turn forms 
the source of exciting radiation. Each individual volume element under the 
influence of the primary scattering by all the other elements becomes a doublet 
and sends out radiations again. This he calls as the secondary scattering. Since 
the intensity of the primary scattering increases as the critical solution 
temperature is approached, the intensity of the secondary scattering also 


correspondingly increases and influences the observed depolarisation 
values. 


CasE I. Incident light and consequently the primary scattering vibrate 
parallel to OZ.— 


Let X, and Z, be the components parallel to OX and OZ respectively 
of the secondary scattering in the transverse horizontal direction OY. They 
are given by the following triple integrals, 


xX, 


I 


ITS, sin*9. cos?@. cos’. d0, dd. dr. 


Z, = PUT. sin56. d0. dd. dr. 7 (1) 


where 6, ¢ and 7 are the spherical co-ordinates of the particular volume 
element under consideration. 
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CasE II. The incident light and the primary scattering are polarised with 
vibrations parallel to OY. 


The components X, and Z, of the secondary scattering are given by 


x, = ITS, sin5@. cos’d. sin’. dO. dd. dr. 


Zy = a7. sin’ cos?@. sin?d, d@. dd. dr. (2) 
The integration should be extended throughout the volume of the mixture 
on which the light is incident. 


If the scattering volume is in the form of a disc of radius R and height 


2H with its axis parallel to the Z-axis, the components of the secondary 
scattering for the two cases are given by 


Z, « X, = 7[R are tan = + R? H/(R? + H) | 
2 : 2 3) 
ee _H?+R ( 


Since the primary scattering is supposed to be completely polarised, one 
does not observe it along the transverse direction OY when the incident 
beam is polarised with vibrations parallel to OY. But the two components 
X, and Z, of the secondary scattering which are observed, are not of the 
same intensity ; the depolarisation p, of the secondary scattering is given by 
the ratio Z,/Xy,. 
ee 

al ay 1 + log, = . (4) 
when H is small compared with R. For R = 10H, p, = 0-39, 7.e., less 
than unity. 


From further calculations he has shown that the components Z, and 
X, are not localised on the primary radiation but are of the same intensity 
throughout the whole volume of the fluid. The components Z, and Xy 
have the maximum intensity at the centre of the primary track and the 
intensity diminishes as one goes farther away from the centre, the rate of 
diminution being governed by the ratio R/H. ‘The whole result can be 
summarised schematically as shown in Fig. 1. 








* Rousset has taken p as equal to ze = \% + log 
7 


ila  _ 
eq=? 6 when * 10. 











Critical Opalescence of Liquid Mixtures 581 


Verbical 
componen£ i Primary _ 


scatbering 





7X 
ATT? 
Horizonkal f x 


{ 
f 


> ay ae. 7X2 
A 
Componené £ Ky >Xy | My ANI xy 
Ps 
i 


un, / 


Fre. 1. 


Case 1. Incident light is unpolarised.—According to Rousset’s calcula- 
tions the vertical component I of the scattered light consists of a very 
intense pencil due to the primary scattering which is widened out owing 
to the superposition of the component Z, of the secondary scattering and 
a background illumination due to the existence ot the component Z, of the 
secondary scattering (see Fig. 1a). The horizontal component 7 consists 
of a diffuse track in the centre due to the component X, and a background 
due to the component X,. If one observes the scattered light through 
a Wollaston prism, one obtains a finite value for the depolarisation 
factor p,. 


CasE 2. Incident light is polarised with vibrations parallel to OZ.— 
The trace of the pencil disappears in the image 7 which reduces itself to 
a background illumination produced by the component X, of the secondary 
scattering. One will find therefore that the factor of depolarisation p, is 
zero (see Fig. 1 0). 


CasE 3. Incident light is polarised with vibrations parallel to OY.— 
The trace of the incident beam disappears in the image I which is reduced 
to a background scattering provided by the component Z,. In the image 
1 there exists the component X, with its edges more or less diffuse. For 
this case p, is zero (see Fig. 1c). 


In an actual experiment the scattering vloume of the mixture is in the 
form of a rectangular parallelopiped of sides, 2a,26 and 2c,2band 2c the 
width and height of the track respectively, being small compared with the 
length 2a. For such a case the conclusions detailed above are valid. The 
value of p, depends on the ratio c/a. 
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3. Critical Remarks on the Theory of Secondary Scattering. 


1. Although the intensity of scattering is comparatively greater near 
the critical solution temperature T,, it is only a small fraction of the inten- 
sity of the incident light. For AT = 4°C., (AT =T — T,), the intensity 
of scattering in water-isobutyric acid mixture is only 25 times that of pure 
benzene. (This value is taken from Rousset’s measurements.) The 
Rayleigh’s constant for benzene is equal to 10-°. The Rayleigh’s constant 
for the mixture is therefore equal to 2-5 x 10-4. So the ratio of the inten- 
sity of the secondary scattering to that of the primary scattering at AT=4°C. 
is equal to 2-5 x 10-4. Since the primary scattering is completely polarised 
and the secondary scattering is depolarised to the extent of 4, the value of 
p, Will be of the order of 0-003 per cent. But the actual observed value 
of p,, after making due allowance to convergence of the incident beam, is 
1.5 per cent. Supposing for a moment (as Rousset has remarked), that 
this 1-5 per cent. arises partly due to the depolarised orientation scattering 
and partly due to the depolarised secondary scattering, the orientation 
scattering should be 100 times more intense than the secondary scattering. 
Consequently at this temperature p, should not be appreciably less than 
unity. But in all the mixtures investigated the value of p, is unmistakably 
of the order of 0.2. ‘This low value of p, can, therefore, be only ascribed 
to the existence of molecular clusters. 


2. It is well known that the orientation scattering does not vary 


appreciably with temperature provided the composition of the mixture is 
kept constant. The intensity of the secondary scattering is proportional to 
the intensity of the primary scattering which increases as T, is approached. 
According to Rousset, P,; = O/(O +S) where O is the component of the 
orientation scattering and S is the component of the secondary scattering: 
From a knowledge of the values of pz at various temperatures the relative 
intensities of the secondary scattering at those temperatures could be eva- 
luated. The rate of increase of the secondary scattering with decrease of 
AT should be at least equal to that of the primary scattering, if not more. 
From a comparison of Tables I and II, one is led to believe that this is far 
from being the case. The values of P, and the intensity of scattering for 
phenol and water are taken from one of the author’s earlier papers. 


3. According to Rousset’s theory, the intensity distribution of the 
primary opalescent scattering is symmetrical about the direction perpendi- 
cular to the direction of the incident beam. But it has been observed by 
various investigators including Rousset that the scattering in the forward 
direction is more intense than the scattering in the backward direction. 
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TABLE I. 
Phenol and Water. 
Pr Relative intensities telative intensities 

Temperature observed| of secondary scattering of primary scattering 

"a. pe (caleulated) (observed) 

95 75 1 (assumed) L (assumed) 

90 66 L-5 1 -2 

87 +5 61 | 1-91 1-3 

83 1 | 2-9 | 2-1 

80 7. | 3-4 2-9 

77 39 4-69 | 3-8 

TA 31 | 6-7 7°38 

69-5 | | 15-8 | 45 

69 = 2 22 53-0 

TABLE II. 
Phenol and Normal Hexane. 
tad ‘ : ee ania owe 
= a Relative intensities | Relative intensities 

Temperature jobserved| of secondary scattering | of primary scattering 

“6. Ve (calculated) (observed) 

74 100 si 1 (assumed) 

64 80 1 (assumed) | 1-14 

| 

59 15-5 | 1-03 | 1-33 

BT 72 1-56 | 1 -66 

50 63 2-4 | 3-1 

15 55-8 3 +24 | 545 

42.9 44 5-48 | 14 

41-2 25 12 30 
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This Mie effect is characteristic of the scattering by particles whose size is 
comparable with the wave-length of light. 


4. If the opalescent scattering is really molecular in origin it should 
obey A* law. Andant (1924), Rousset and others have found that very 
near the critical solution point the law of scattering is A~” where 1 is definitely 
less than 4. This fact of observation finds an easy explanation on the basis 
of Schwarmbildung. 


5. According to Rousset’s theory, when the incident beam is unpolar- 
ised or polarised with vibrations horizontal, the horizontal component of 
the light scattered in the transverse horizontal direction will be compara- 
tively more diffuse, the intensity being maximum at the centre of the track 
and gradually falling off on either side. The track should also appear 
broader than the corresponding vertical component. ‘This was tested out 
experimentally. Figs. 2(a) and 2(d) in Plate XTX represent the photographs 
of the light scattered by a mixture of phencl and hexane very near T, taken 
through a double-image prism, when the incident light is unpolarised and 
polarised with vibrations horizontal respectively. Figs. 3(a) and 3(d) 
represent the corresponding photographs taken through a double-image 
prism and a nicol, the nicol being so oriented as to equalise the two mutually 
perpendicular components. In all the cases the width of the track is the 
same for the two components. The distribution of intensity is also uniform 
throughout the cross-section of the tracks. 


6. If 2a and 2c are the length and vertical depth of the track inside 
the medium, the values of p,, P, and P, are functions of the ratio c/a 
according to the theory of Rousset. P, and P, should increase or decrease 
part passu with c/a, whereas the variation of P, should be in the opposite 
direction. 


7. Since the secondary scattering depends only on the intensity of 
the primary scattering the observed values of the depolarisation factors 
should not exhibit any appreciable dispersion with wave-length. Table III 
gives the values of P,, ?, and P, measured for a mixture of phenol and 
normal hexane which was -maintained a few degrees above the critical 
solution temperature, with different colour filters and for two different 
values of c/a. 


The observed dispersion of depolarisation is not due to fluorescence for 
any trace of fluorescence will try to increase all the three quantities p,, p, and 


p, and not only two of them. From a comparison of the observed disper- 
sion of depolarisation with that observed in the case of inorganic sols which 
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TABLE III. 














cla = 0°33 cla = 0-05 
—_—__——— - 
| 
Blue filter Orange filter | Blue filter | Orange filter 
0 0, 18) 0/ 
7) oO oO \ /o 

p,, 1 | 0-54 | 1 | 0-48 
P., 0-21 | 0-1 | 0-23 | 0-09 

| | 
Py 22-0 | 24 | 21 | 25 

| 





do not possess any specific absorption (Krishnan, 1937) it can be inferred 
that the effect is really due to the finite size of the scattering particles and 
not due to secondary scattering. 


8. According to the theory of Rousset, when the incident light is 
unpolarised the background scattering at points far away from the track 
should be completely unpolarised. If the plane of polarisation of the inci- 
dent beam is horizontal the plane of polarisation of the background scatter- 
ing will be vertical. If, on the other hand, the plane of polarisation of the 
incident beam is vertical, the background scattering should be completely 
polarised with vibrations horizontal. For different states of polarisation of 
the incident beam, the state of polarisation of the background scattering 
as seen in the transverse direction has been determined by means of 
a movable slit kept at points situated along a vertical at different distances 
from the centre of the track. The measurements were made with a phenol- 
hexane mixture very near the critical solution temperature and also with 
a casein solution the py of which was adjusted so as to show an intense 
opalescence. ‘The results are given in Table IV. 


It is well known that in casein solution the protein molecules are very 
large in size. The similarity in the behaviour of the liquid mixture and the 
casein solution indicates that the scattering elements in the liquid mixture 
should also be molecular clusters of size comparable with the wave-length 
of light and not the individual molecules. In this connection the observa- 
tions made on the nascent precipitate of sulphur formed when a little acid 
is added to a dilute and well filtered solution of hyposulphite will be of some 
interest. The light scattered transversely by the sulphur sol was observed 
through a double-image prism. In the early stages of the formation of the 
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TABLE IV. 


The Width of the Track inside the Medium = 0-2 cm. 




















Medium | Position of the Px p, Ph 
| movable slit % | % A 
| 
Phenol and hexane ..| Slit on track 0-7 0-31 36 
Slit just below track 6 2-8 49 
Slit 2 em. below track 19-8 13 -6 88-5 
| 
Casein solution measured! Slit on track LT 0-7 42 
with red light | 
| Slit just below track 22-7 10-5 95 
Slit 3 em. below track 75 95 100 








sol the double-image prism suitably rotated showed complete polarisation of 
the light scattered transversely. Somewhat later the minimum light seen 
transversely showed Tyndall’s residual blue, indicating that for this colour 
the polarisation was no longer complete, while for the red colour it was more 
complete, the increase in wave-length compensating the growth of the 
particles. As the particles were allowed to grow, a stage was reached when 
the effects for blue and red light were well contrasted. A similar observa- 
tion was made with one of the binary mixtures. The mixture was initially 
kept at about 25°C. above the critical solution temperature and was allowed 
to cool. A beam of light was focussed into the mixture and the scattered 
light was observed through a double-image prism and nicol. The _nicol 
was used so as to equalise the intensity of the two components. As the 
temperature was slowly lowered the horizontal component was more 
bluish than the vertical component, the effect being most pronounced at 
the critical solution temperature. 


From what has been said above it can be inferred that in the neigh- 
bourhood of the critical solution temperature of liquid mixtures, the mole- 
cules have got a tendency to group themselves together in the form of 
clusters and that the finite value of the depolarisation arises due to the fact 


that the size of the clusters becomes comparable with the wave-length of 
light. 
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4. Experimental Results Obtained with a Few More Liquid Mixtures. 


The measurements of the depolarisation factors p,, p, and p, were 
made for the following mixtures, phenol-normal hexane, phenol-normal 
heptane, aniline-normal heptane and benzene-acetic acid-water. The photo- 
electric method was employed for comparison of the intensities ot scattering 
by these mixtures at various temperatures above the critical solution 
temperature. Very near T, the depolarisation factors were also measured 
with coloured filters also. The results are tabulated below. The intensity 
of scattering was measured using incident white light only. Necessary 
corrections are applied for the convergence of the incident beam. 


The results obtained with the three binary mixtures confirm the 
author’s conclusions regarding the formation of molecular clusters, which 
are discussed in detail in the earlier papers. The ternary mixture studied, 
also exhibits the same phenomenon. At the critical solution temperature 
the composition scattering which is completely polarised becomes large and 
the scattering due to the finite size also increases. The combined effect 
gives a finite value for the depolarisation p,. As soon as the critical fog or 
the emulsion begins to appear a considerable increase in the size of the 


TABLE V. 


49% Phenol and 51% Normal Hexane. 


Colour of 


Temperature theo Sher Py, Py | Pp | Relative intensity 
used | yo %o | | of scattering 
7 ae aaa ee ee oe 
71 | 1-4 | 0-62 100 | 1 (assumed) 
62 | 1-0 | 0-45 84 1-25 
RD | 0-6 | 0-25 78 | 2-75 
30 0-49 0-19 59 | 6-25 
| | 
17-5 | 0-438 0-14 42 | 11-4 
46-5 orange | 0:35 | 0-09 42 | 17-8 
46-5 | blue | 0-65 | 0-12 24 
| | 
44 +5 blue | 0-55 | 0-09 in | 43 -8 
= 
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54.2% Phenol and 45 


R. S. Krishnan 


TABLE VI. 


.8% Heptane. 








Colour of 


Temperature the iter 


used 
= 
| 
64 
59 | 
57 | 
50 | 
29 | 
12 -6 | orange 
12 -6 blue 
11-2 orange 
41-2 blue 
| Colour of 
Temperature | the filter 
used 
—— ne pan eaee) 
85 | 
“4 | 
68 | 
66 | 
63 | 
61-5 | orange 
60-8 | orange 


| 





Py p, P, | Relative intensity 
% % % | of scattering 
| | 
| 
| 2:5 1-25 | 100 | 1 (assumed) 
| 1-8 0-8 | 80 | 1-14 
| 1-6 | 0-7 | 75.5 | 1-33 
| 4-4 0-6 | 72 | 1-66 
| 1-0 0-27 | 63 | 3-1 
| 0-54 | 0-16 | 55-8 | 5 +45 
| 0-49 | o-12 | 44 | 14 
| 0-36 | 0-1 55 18 
| 0-58 | 0-16 | 40 
| 0-43 | ot 30 30 
| 9-61 | 0-12 | 20 


TABLE VII. 








Py | Py 
% | %o 
2-8 | 1-4 | 
1-8 0-75 | 
| 1-2 0-46 
| 0-92 0-36 
| 0-5 0-16 
| 0 44 0-08 
| 0 -36 0-06 


56% Aniline and 44% Normal Heptane. 





Py Relative intensity 
yA of scattering 
100 1 (assumed) 
84 1-5 

80 2°7 

65 4-8 

50 5-1 

32 8 

19 12 
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TABLE VIII. 


Benzene, Acetic Acid and Water Mixture. 











; ; l 
Temperature saat Pu . He 
used | sacs ” vs 
»4 {-J »-0 100 
18 sl | 1-3 93 
15 1-7 | 0-7 81 
40 0-9 0-31 70-5 
38 0-67 Q +22 65 +5 
37 blue 1-0 | 0-31 45 
37 orange 0-6 0 -22 55 
37 | red | 0-4 | 0-15 
36 blue | 0-74 | 0-12 | 37 
36 orange | 0°35 0-1 15 


clusters formed takes place resulting in an increase in the value of p,. In 
the case of the phenol-heptane mixture it was possible to detect the increase 
in the value of p, even before the critical solution temperature was approach- 
ed. This is because very near T, the rate of increase of the depolarised 
size scattering with diminution of temperature is greater than the rate of 
increase of polarised composition scattering. This explains why Rousset 
observed an increase in the value of p, very near T. in some of the mixture 
studied by him. The fact that the dispersion of depolarisation is most 
pronounced at the critical solution temperature shows clearly that the size 
of the clusters formed is greatest at this temperature. 


5. Theory of Gans. 


Soon after the publication of the results on the molecular clustering 
in binary liquid mixtures by the author, Gans (1936) put forward a theoreti- 
cal explanation of the observed anomalous depolarisation (t.e., p,; <1), on 
the basis of the swarm-formation in fluids. He has considered this problem 
from the standpoint of the theory of fluctuations under the simplifying 
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assumption that besides the density variations there are accidental varia- 
tions of isotropy or orientation variations due to the formation of molecular 
groups, and that the linear dimension d is so small that d?<<€A?. Gans has 
derived a relation between the degree of depolarisation p, and the form of 
the molecular aggregates. If the groups are spherical in shape p, has its 
limiting value of unity. If on the other hand the groups are in the form of 
thin rods of length 7, 


| 4772 [? ad 

Pp ail ies 42 2 (5) 
For discs of radius 7, 

] , 47° 

Pp sella 14 »# (6) 


Katalinic and Vrkljan (1936) have extended Gans’ theory. General 
conditions for the occurrence of the anomalous depolarisation for the case 
of three dimensional molecular swarms are derived by them without making 
too exact assumptions as to their form. 


According to Gans’ theory p, should be greater as well as less than 
unity depending upon the shape of the swarms. But in all the mixtures 
studied so far, p, is found to be less than unity and never greater than unity. 
It is also hard to believe that the clusters are of the same shape in all the 
mixtures. This is because of the limitations of Gans’ theory. The theory 
is valid only for swarms whose linear dimension is such that d?<€A*. For 
such small clusters only the first electric partial wave, 7.e., the dipole radi- 
ation, is usually taken into consideration. For large molecular clusters one 
has to take into consideration the higher electric partial waves as also the 
magnetic partial waves as indicated in Mie’s theory. 


6. Other Experimental Evidence. 


Various other physical properties such as viscosity, flow birefringence, 
electric and magnetic birefringence, X-ray diffraction, etc., have been exten- 
sively studied by numerous investigators and the results obtained are 
intimately connected with the conclusions arrived at from light-scattering 
experiments. Reference to some of these properties has already been made 
in the author’s earlier papers. 


A systematic study of the viscosity of binary liquid mixtures at various 
temperatures and for various concentrations has been carried out by Zofia 
Szafranska (1935). It is found that when the solutions show no optical 
anomalies there is no trace of viscosity irregularity, whereas for mixtures 


which show optical anomalies he finds an abnormal increase in the viscosity 
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near the critical solution temperature. The increase is most pronounced 
for mixtures having the exact critical composition. The viscosity of the 
three component system, benzene-ethyl alcohol-water, has been measured 
in the neighbourhood of the critical point by Kimura (1936) and similar 
esults have been obtained by him. These anomalies find an easy explana- 
tion on the basis of molecular clustering. The sudden increase of viscosity 
is caused by the existence of molecular aggregates, the increase being very 
much governed by the size of the aggregates which in turn is a function of 
the temperature of the mixture and also its composition. 


The Kerr-effect in mixtures of nitrobenzene and heptane in the neigh- 
bourhood of T, has been studied recently by Goldet (1936). The observed 
effect increases rapidly as the critical temperature is approached. The 
abnormal increase may be attributed to the formation of clusters. 


7. Conclusion. 


Critical composition mixtures near the critical point are usually regard- 
ed as colloidal emulsoids. It is well known that a substance will show the 
characteristics of a colloid if it contains particles graded down from those 
of microscopic to those of molecular dimensions. If on cooling a mixture 
a milky emulsion is obtained observation through a microscope will at once 
indicate that the medium contains particles whose diameters are of the order 
of the wave-length of light. On the other hand, the critical composition 
mixture very near the critical solution temperature, is more like a system 
which is intermediate between the two extreme cases, 7.¢., the coarse 
disperse system and the molecular disperse system. ‘The critical solution 
mixtures do not show any milky turbidity, but they show an opalescence 
which is characterised by double colour, 7.e., yellow by transmitted light 
and blue by scattered light. Optical investigations with an ordinary 
microscope do not reveal the existence of discrete particles. We find this 
type of opalescence in many typical colloidal systems, for example, in many 
protein solutions in which also no discontinuity can be traced with an 
ordinary microscope. At the critical point the vapour pressure is inde- 
pendent of concentration. ‘The same phenomenon has been observed by 
Tammann in gelatin and gum arabic solutions. It may be remarked that 
the large increase in opalescence as well as the existence of pronounced 
minima in the values of p,, p, and p, at the critical solution temperature of 
binary liquid mixtures bear a striking similarity to the observations of 
Subbaramaiah (1937) at the iso-electric point of protein solutions. But 
in spite of the similarity in optical behaviour, there are certain important 
characteristics of protein solutions which are not exhibited by mixtures. 
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The protein solutions progressively change with time. Butit is a fact of 
observation that critical opalescence and such other phenomena exhibited 
by critical solution mixtures are invariant with time and depend only on 
the temperature of the mixture. 


In conclusion the author takes this opportunity to express his grateful 
thanks to Professor Sir C. V. Raman, kKt., F.R.S., N.L., for his kind and 
helpful interest in the work. 


8. Summary. 


A critical review of the theory of secondary scattering proposed by 
Rousset in order to explain the finite value of the depolarisation of the 
opalescence of liquid mixtures is given. Further consequences of the theory 
of secondary scattering have been worked out and it is found that the 
experimental results obtained are not in accordance with the conclusions 
of the theory. From the results obtained it has been concluded that in the 
neighbourhood of the critical solution temperature of liquid mixtures the 
molecules have got a tendency to group themselves together in the form of 
clusters and that the finite value of the depolarisation of the opalescent 
light arises due to this fact. In the neighbourhood of T, the secondary 
scattering has little or no effect on the depolarisation factor, although it 
may have an appreciable effect for AT < 0-1°C. where AT = T — Ty. 
The measurements of the depolarisation factors p,, p, and p, for three 
binary mixtures and one ternary mixture have been made over a range of 
temperature of 30° above T,. The results obtained fully confirm the 
author’s earlier report regarding the existence of clusters in liquid mixtures 
not only at the critical solution temperature but also at temperatures 
considerably removed from it. The theory proposed by Gans has been 
discussed in relation to the experimental results obtained by the author and 
the limitations of the theory have also been pointed out. The bearing of 
the results on the anomalies of viscosity, electric birefringence, etc., noticed 
by the earlier investigators in the vicinity of the critical solution tempera- 
ture has been discussed in detail. 
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THE fluorescence of acetone was first observed by Gelbke! the observations 
being extended by Damon and Daniels? as well as by Norrish and his co- 
workers. According to the latter, who have investigated the subject in 
detail, the fluorescence consists of three bands devoid of structure with 
maxima at A 5117, A 5572 and A 6095. In the course of an investigation 
on the Raman effect in ketones, the author had occasion to take a picture 
of the fluorescence spectrum of acetone in the vapour state when it was 
observed that the bands were not devoid of structure but actually consisted 
of a number of diffuse bands superposed upon a continuous spectrum, the 
structure being most pronounced in the band with maximum at A = 5117. 
Although precise measurement was not possible, the following approximate 
values were determined with the help of a high dispersion spectrograph. 


A 5058 (d), 5070 (d), 5081 (d), 5140 (d), 5152 (a), 5171 (d), 5186 (s), 
5548 (d), 5570 (d) and 5594 (d). 


The bands at A 5140 and A 5548 are considered doubtful. 


A similar fine structure was also observed in the case of the next higher 
homologue, methyl ethyl ketone. These observations are evidently connected 
with the discrete character of the absorption spectrum of acetone vapour 
first observed by Norrish, Crone and Saltmarsh? but in view of the fact that 
the data given by the different workers*-5 are conflicting, a detailed discussion 
is not attempted. 





1 Gelbke, Jahrbuch der Radioactivitat, 1913, 1, 10. 
2 Damon and Daniels, J.A.C.S., 1933, 55, 2363. 


3 Crone and Norrish, Nature, 1933, 132, 241 ; Norrish, ibid., 1934, 133, 837 ; Norrish, 
Crone and Saltmarsh, J.C.S., 1934, 1456. 


# Bowen and Thompson, Naiure, 1934, 133, 571. 
5 Snow and Eastwood, tbid., 1934, 133, 908. 
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Errata. 


Vol. V, No. 5, page 497, Table VI, Column 1-—— 


For M/20 read 0-0352 M 
For M/40 read 0-0176 M 
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